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Mechanism of sinuous and varicose modes in electrokinetic instability
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The flow of miscible electrolyte streams with mismatched electrical conductivities in the presence of a
parallel applied electric field is known to exhibit electrokinetic instability (EKI). This paper deals with EKI
in a configuration where the base state is established by electro-osmotic flow (EOF) of three coflowing streams,
with the center stream having different conductivity than the sheath streams. All reported experiments of this
EKI have shown that the instability exhibits either sinuous or varicose modes depending upon whether the center
stream has higher or lower conductivity than the sheath streams, respectively. In this paper we elucidate the
physical mechanism underlying the selection of these unstable modes in EKI using linear stability analysis. The
stability analysis shows that the EOF simply convects the unstable modes besides establishing the base state. The
instability occurs due to stationary convection cells, in the reference frame moving with the EOF, resulting from
the coupling of the applied electric field with free charge in the regions with conductivity gradients. Importantly,
we show that the unstable and stable disturbances for the configuration with a higher conductivity center stream
have opposite stability characteristics when the center stream has lower conductivity than the sheath streams.
Our analysis correctly explains the numerous experimental observations showing the consistent appearance of
sinuous modes for higher conductivity and varicose modes for lower conductivity center streams.
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I. INTRODUCTION

Electric field-driven fluid flow and ion transport have
found widespread applications in microfluidic laboratory-on-
a-chip systems [1,2]. The application of an external electric
field through a microchannel can induce electro-osmotic flow
(EOF), which is routinely used in pumping and precise con-
trol of fluids in microfluidic networks [2,3]. Moreover, ion
transport driven by applied electric field forms the basis of
numerous electrophoretic techniques for separating and pre-
concentrating ionic species [4,5]. Typically, in microfluidic
systems such as micromixers and microchip electrophoresis,
an electric field is applied through an electrolyte solution
with heterogeneous electrical conductivity [6–8]. A gradient
in electrical conductivity is accompanied by a gradient in
the local electric field, which leads to the accumulation of
free charge within the bulk liquid. This free charge couples
with the local electric field to apply an electric body force on
the fluid, which can destabilize the flow. Consequently, the
application of an electric field above a critical value leads to
an onset of electrohydrodynamic (EHD) instability of the bulk
fluid [7,9–11].

EHD instability differs from EOF as the former is driven by
the coupling of charges and electric field in the bulk solution,
whereas EOF results from the Coulombic force on the free
charges in the electrical double layer near a charged surface.
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We note that EHD instabilities can also occur in systems
with immiscible fluid layers with unequal electrical properties
[12,13]. In such systems, the electrohydrodynamic coupling
occurs at the sharp interface separating the immiscible flu-
ids. The current work deals with instability arising due to
electrohydrodynamic coupling in bulk fluid due to diffusive
conductivity gradients.

In many microfluidic systems, EHD instability is superim-
posed over EOF. The current work focuses on one such flow
instability, which is employed in micromixers for rapid and
chaotic mixing at low Reynolds numbers [14]. In particular,
we consider a cross-shaped micromixer, described by Shin
et al. [15] and Posner and Santiago [16], wherein EOF es-
tablishes a base-state flow with two sheath streams flowing in
parallel with a center stream with mismatched conductivity.
This results in a configuration where the applied electric field
is orthogonal to the conductivity gradient, as illustrated in
Fig. 1. Beyond a critical electric field, an EHD instability
sets in, manifesting as either sinuous or varicose disturbances
of the center stream, as illustrated in Figs. 1(b) and 1(c), re-
spectively. In this case, the destabilizing flow is primarily due
to the coupling of the electric field with bulk electrical con-
ductivity gradients, and the EOF simply convects the unstable
modes downstream [10,17]. However, given that EOF also
establishes the base-state conductivity gradient and convects
the unstable modes, such an EHD instability superimposed on
EOF is often termed electrokinetic instability (EKI) [10,18].
While originally EKI in the flow configuration shown in Fig. 1
was motivated by rapid, chaotic micromixing [14], recently
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FIG. 1. Schematic illustrating the base state of EKI with coflow-
ing sheath and center streams with different electrical conductivities.
(a) The instability is driven by an electric field applied parallel to
the diffused interfaces separating the streams with unequal con-
ductivities. (b) When the center stream has higher conductivity
than the sheath streams (γ > 1), EKI is characterized by a sinu-
ous disturbance of the center stream. This corresponds to in-phase
disturbances of the two diffusive interfaces. (c) In contrast, when
a low-conductivity stream flows between high-conductivity sheath
streams (γ < 1), the instability exhibits varicose disturbances of the
center stream, corresponding to out-of-phase disturbances of the two
diffusive interfaces. Panels (d) and (e) show the experimental snap-
shots of EKI, reproduced from Dubey et al. [19] showing sinuous
and varicose modes for γ > 1 and γ < 1, respectively.

Dubey et al. [7] demonstrated experimentally that similar
instability can arise in microchip electrophoresis with stream-
wise conductivity gradients, leading to undesirable sample
dispersion.

EK instabilities driven by an electric field applied along
a microchannel with spanwise conductivity gradients were
first reported by Santiago and coworkers [6,10,16]. Using
time-resolved imaging of a passive fluorescent scalar and
linear stability analysis, they showed that the critical electric
field above which EKI sets in is governed by the balance
of destabilizing electro-viscous fluid motion and dissipa-
tion of conductivity gradients due to molecular diffusion. In
particular, Posner and Santiago [16] presented a detailed ex-
perimental study of EKI in the flow configuration illustrated
in Fig. 1, wherein the electric field is applied parallel to a
high- (low-) conductivity stream flowing between two sheath
streams with low (high) conductivity. Posner and Santiago
showed that the characteristics of EKI depend on the relative
conductivities of center and sheath streams. When the center
stream has higher conductivity than the sheath streams, EKI
is characterized by a sinuous (or wavy) mode, as shown in
Figs. 1(b) and 1(d). On the other hand, if the center stream
has lower conductivity than the sheath streams, a varicose
(pearl-necklace) mode appears during the instability, as shown
in Figs. 1(c) and 1(e). Later Dubey et al. [19] identified
the spatiotemporal coherent structures corresponding to the
sinuous and varicose modes of EKI using dynamic mode

decomposition (DMD) of time-resolved snapshots. The exper-
iments of Posner and Santiago [16] and Dubey et al. [19] also
showed that the flow configuration with center stream having
lower conductivity than the sheath streams requires a higher
threshold electric field to destabilize, in comparison when
high-conductivity stream flows between two low-conductivity
sheath streams.

Despite the numerous experimental reports on sinuous and
varicose modes of EKI for different base-state flows, the
physical mechanism underlying the selection of these distinct
instability modes is still poorly understood. Specifically, there
has been no linear stability analysis of EKI in the configu-
ration with two parallel diffusive interfaces to elucidate the
mode selection mechanism based on the relative conductiv-
ities of the flow streams. All the reported linear stability
analyses of EHD and EK instabilities, including those by
Hoburg and Melcher [9], Chen et al. [10], and Patankar [17],
are limited to a single diffusive interface between streams with
unequal conductivities stressed under a tangential electric
field. The stability analyses presented in these works sug-
gest that a small sinusoidal perturbation of a single diffusive
interface drives a cellular flow that further amplifies the con-
ductivity perturbation. A naive application of this mechanism
for the flow configuration with two parallel diffusive inter-
faces, as shown in Fig. 1, would suggest that the instability
can set in with in-phase and out-of-phase perturbations of the
two parallel interfaces, corresponding to sinuous and varicose
modes, respectively. However, extensive experimental data
in the literature suggests a selection of unstable modes in
EKI [16,19], depending upon the relative conductivities of the
center and sheath streams.

In this paper, we describe the physical mechanism under-
lying the selection of sinuous and varicose modes in EKI
instability, using linear stability analysis, in a flow configu-
ration with two sheath streams coflowing with a center stream
with different conductivity. The stability analysis correctly
predicts experimentally observed sinuous (varicose) modes
of EKI when the center stream has high (low) conductivity
compared with the sheath streams. Moreover, we show that
EKI exhibits these modes irrespective of the difference in the
conductivities of center and sheath streams. Finally, using a
simplified model of EKI in the limit of small conductivity dif-
ference between the flow streams, we describe the instability
dynamics and the physics underlying the selection of unstable
modes.

II. DESCRIPTION OF FLOW

Figure 1 illustrates the flow configuration of EKI that we
model in the current work. An externally applied electric
field E0x̂ drives a uniform EOF with velocity U0x̂. The EOF
establishes a base-state flow with coflowing center and sheath
streams with different electrical conductivities. The coupling
of the electric field with bulk electrical conductivity gradients
destabilizes the flow and results in EKI. Before presenting the
mathematical modeling of the EKI in the flow configuration
depicted in Fig. 1, it is meaningful to discuss the typical values
of various physical quantities in microfluidic EKI experiments
[16,19] and the simplifications we make to elucidate the basic
physics of the instability.
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Typically, EKI experiments are performed in a glass
microchannel with a width and depth of O(10–100 µm) .
For our discussion, we consider the channel half-width to
be d = 25 µm. The axial length of the microchannel is
O(1 cm) or more, that is, at least two orders of magnitude
larger than the channel width. The conductivity gradient is
generated by coflowing aqueous electrolyte solutions with
different salt concentrations. The typical salt concentration is
O(1–10 mM), which corresponds to an electrical conductivity
of O(0.05–0.5 S m−1). The density, viscosity, and electrical
permittivity of such dilute electrolytes can be assumed to be
those of pure water.

In the base state, the spatial conductivity variation is
governed by the balance of convection due to EOF and
diffusion. The typical diffusivity of the salt ions and, corre-
spondingly, the effective diffusivity D of the conductivity is
O(10−9 m2 s−1). In EKI experiments, an axial electric field
E0x̂ of O(10 kV m−1) is applied by applying a voltage dif-
ference of O(100 V) across O(1 cm) long microchannel.
This electric field couples with the thin electric double layer
[thickness O(10 nm)] near the microchannel walls to drive
an EOF [20]. Because the electric double layer is three or-
ders of magnitude smaller than the channel width, the EOF
appears to slip at the channel walls. The EOF slip velocity
due to an axially uniform tangential electric field at the walls
results in a plug-shaped velocity profile, given by U0x̂, as
shown in Fig. 1, where U0 = μeof E0. Here μeof is the EOF
mobility and for a glass microchannel, its typical value is
μeof = 7 × 10−8 m2 V−1 s−1 [20,21]; that is, the applied
electric field of O(10 kV m−1) results in an EOF velocity of
O(0.7 mm s−1). Therefore, the Péclet number Pe = U0d/D
for convection diffusion of conductivity field is at least O(10).
In other words, the axial convection of conductivity due to
EOF dominates spanwise diffusion. Hence, the conductivity
variation along the axial (x) direction is significantly small,
and the base-state conductivity variation can be assumed to be
uniform in the x direction. Consequently, the axial length of
the microchannel drops out of the analysis.

We also assume that the flow is two-dimensional so as
to focus on describing the physical mechanism of EKI. The
presence of walls along the depth direction increases the vis-
cous stresses, due to which a higher threshold electric field is
required to destabilize the flow [22]. However, numerical sim-
ulations and stability analysis of EKI in various configurations
[7,22] suggest the basic physical mechanism of EKI is the
same for two- and three-dimensional configurations. Finally,
we note that measurements and modeling of Joule heating in
electrokinetic flow experiments with aforementioned values
of physical parameters have shown that the temperature rise
of the fluid is about 2 ◦C [10,23]. Therefore, it is reasonable to
assume a constant temperature in the mathematical model.

III. MATHEMATICAL MODELLING

With the above assumptions, we consider the instability of
two-dimensional, planar, coflowing center and sheath streams
between boundaries at z = ±d that extend infinitely in the
y direction, as shown in Fig. 1. An external electric field E0x̂
is applied along the x direction. The axial electric field drives
an EOF with uniform velocity U0x̂, which convects the center

and sheath streams. The diffusive interfaces separating the
center and sheath streams are idealized to be parallel to the
x direction. That is, the electric field is parallel to the two
diffusive interfaces separating the flow streams. We assume
the center and sheath fluids to be binary electrolyte solutions
of the same salt but with different concentrations.

A. Governing equations

The incompressible flow of a fluid driven by the coupling
of an applied electric field and diffusive conductivity gradi-
ents is governed by the following continuity and momentum
equations [10,11]:

∇ · u = 0, (1)

ρ
∂u
∂t

+ ρu · ∇u = −∇p + η∇2u + ε(∇ · E)E. (2)

Here u denotes the flow velocity, E the local electric field,
p the pressure, and ρ and η denote the density and dynamic
viscosity of the liquid, respectively. Equation (2) is the Navier-
Stokes momentum equation with an additional electric body
force term ρ f E, where ρ f denotes the free charge in the bulk
liquid. For a linear dielectric liquid with spatially uniform
dielectric permittivity ε, the free charge is given by Gauss’ law
ρ f = ε∇ · E. Hence, the electric body force in the momentum
equation, Eq. (2), is given by ρ f E = ε(∇ · E)E.

The local electric field E is governed by the continuity of
current or Ohm’s law,

∇ · (σE) = 0, (3)

where σ denotes the local electrical conductivity of the liquid.
This equation holds for electrolyte solutions, assuming the
bulk solution is approximately electroneutral [10,11]. In ad-
dition, we note that for low current density and displacement
current ∂ (εE)/∂t , the electric field can be assumed to be
quasistatic. Hence, from Maxwell’s equations

∇ × E = 0. (4)

Because the electric field is irrotational, we can express the
electric field in terms of an electric potential φ, as E = −∇φ.

Finally, the transport of electrical conductivity can be
derived from the mass conservation equations of cations
and anions of a symmetric-binary electrolyte, assuming the
bulk solution to be electroneutral [11,24]. The resulting
convection-diffusion equation for the electrical conductivity
is given by

∂σ

∂t
+ u · ∇σ = D∇2σ, (5)

where D is the diffusivity.
Equations (1)–(5) describe the EHD flow of a symmetric

binary electrolyte having diffusive conductivity gradients. We
note that these equations are based on the assumption that the
difference between the electrolyte’s cation and anion concen-
trations is negligible compared to their bulk concentrations.
This assumption is valid when the charge-relaxation timescale
τr = ε/σ is significantly smaller than other timescales in
the flow [9]. For EKI, the charge relaxation timescale τr ∼
O(10 ns), and hence the assumption of a nearly electroneutral
solution is valid. Despite an almost electroneutral solution, the
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free charge associated with a small difference between cation
and anion concentrations is sufficient to exert an appreciable
body force in the fluid [10], which is incorporated in the
momentum equation, Eq. (2).

Because we assume an approximately electroneutral so-
lution, the free charge density is not obtained using the ion
concentrations. Instead, we use Ohm’s law, given by Eq. (3),
to obtain the electric field E and thereafter, the free charge
density ρ f is obtained using Gauss’ law. Therefore, using
Ohm’s law (Eq. (3)) and Gauss’ law ρ f = ε∇ · E, the free
charge density can be expressed as

ρ f = −εE · ∇σ/σ. (6)

This equation suggests that the polarity of charge accumulated
in the bulk solution is opposite to the sign of the directional
derivative of σ along E.

B. Base state

For stability analysis, we consider the evolution of small
disturbances over the base state illustrated in Fig. 1. For
the typical experimental conditions described in Sec. II, the
steady, base-state conductivity distribution, σ , establishes due
to the dominant balance of streamwise convection due to EOF
and spanwise diffusion. That is, the conductivity transport
equation, Eq. (5), for base-state conductivity σ can be sim-
plified as

U0
∂σ

∂x
≈ D

∂2σ

∂z2
. (7)

We assume that the base-state conductivity distribution
develops from a narrow top-hat distribution centered at z = 0,
starting from x = 0, upstream of the region of interest. For the
case where the spanwise diffusion length is much larger than
the initial width of the top-hat conductivity distribution but
smaller than the channel width, Eq. (7) has a solution of the
form

σ (z)

σ0
= 1 + A

δ
exp

(
− z2

2δ2

)
, δ =

√
2Dx

U0
. (8)

Here σ0 is the conductivity of the sheath streams, and A is
a constant dependent on the inlet conductivity distribution.
In the high Péclet number limit, U0d/D � 1, which is the
case for EKI experiments, the conductivity variation given by
Eq. (8) varies slowly with x for x � d. Therefore, we can
idealize the base-state electrical conductivity to vary in the
transverse (z) direction only with a constant δ,

σ (z)

σ0
= 1 + (γ − 1) exp

(
− z2

2δ2

)
. (9)

Here γ is the ratio of conductivities of the center and sheath
streams, and σ0 is the conductivity of the sheath streams.
For all our calculations, we consider δ = d/4, for which the
conductivity gradients near the domain boundaries z = ±d
are negligible. Also, being far from the inlet of the channel,
we assume the domain of analysis to extend infinitely in both
positive and negative directions along the x axis.

C. Dimensionless governing equations

Prior to linear stability analysis, we nondimensionalize the
governing equations, Eqs. (1)–(5), using the following refer-
ence scales:

[x, y, z] = d, [E] = E0, [φ] = E0d, [u] = Uev,

[t] = d

Uev
, [p] = εE2

0 , [ρ f ] = εE0

d
, [σ ] = σ0.

(10)

Here Uev = εE2
0 d/η is the electroviscous velocity scale ob-

tained by balancing the electric body force and viscous
stresses [9,10]. Upon nondimensionalizing the governing
equations, Eqs. (1)–(5), using these reference scales and us-
ing E = −∇φ we obtain the following set of dimensionless
governing equations:

∇ · u = 0, (11)

Rae

Sc

[
∂u
∂t

+ u · ∇u
]

= −∇p + ∇2u + (∇2φ)∇φ, (12)

∇ · (σ∇φ) = 0, (13)

∂σ

∂t
+ u · ∇σ = 1

Rae
∇2σ. (14)

Here Rae = εE2
0 d2/(ηD) is the electric Rayleigh number and

Sc = η/(ρD) is the Schmidt number. In Eqs. (11)–(14), u, p,
φ, and σ denote the dimensionless velocity, pressure, electric
potential, and conductivity, respectively. Henceforth, we use
only the dimensionless variables in our analysis.

The electric Rayleigh number appearing in the govern-
ing equations is the ratio of timescales associated with the
diffusion of conductivity (τd = d2/D) and the convection
due to electroviscous flow [τev = d/Uev = η/(εE2

0 )]; that is,
Rae = τd/τev . In EKI, diffusion stabilizes the flow because it
dissipates the conductivity gradients responsible for charge
accumulation in the bulk fluid. Therefore, instability occurs
when the destabilizing electroviscous flow stretches the con-
ductivity gradients faster than diffusion dissipates them, that
is, τev � τd . In other words, linear stability analysis should
predict a threshold value of Rae � 1 above which the insta-
bility occurs, as observed in experiments [16,19].

D. Linear stability analysis

In the base state, illustrated in Fig. 1, the dimensionless
velocity, electric potential, and pressure are given by

u = U x̂, φ = −x, p = 0, (15)

where U = U0/Uev . The base-state conductivity σ upon
nondimensionalizing Eq. (9), is given by

σ (z) = 1 + (γ − 1) exp(−8z2). (16)

Note that there is no free charge in the base state because,
in the base state, the applied electric field is parallel to the
diffusive interfaces separating the streams with mismatched
conductivities.

To perform linear stability analysis, we model the behavior
of small two-dimensional disturbances over the base state.
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Therefore, we decompose the variables in terms of their base
state and perturbation (denoted by primes) values,

u = u + u′, φ = φ + φ′, p = p + p′, σ = σ + σ ′.
(17)

Upon substituting these variables in the dimensionless gov-
erning equations, Eqs. (11)–(14), and neglecting the higher-
order terms in perturbation variables, we obtain a set of
linearized governing equations for perturbation variables,

∇ · u′ = 0, (18)

Rae

Sc

[
∂u′

∂t
+ U

∂u′

∂x

]
= −∇p′ + ∇2u′ − (∇2φ′)x̂, (19)

∇ · (σ∇φ′) − ∂σ ′

∂x
= 0, (20)

∂σ ′

∂t
+ U

∂σ ′

∂x
+ w′ dσ

dz
= 1

Rae
∇2σ ′. (21)

Here w′ denotes the z component of the perturbation velocity
and ∇2 ≡ ∂2/∂x2 + ∂2/∂z2.

To simplify the governing equations for perturbation vari-
ables, we express the perturbation velocity u′ = u′x̂ + w′ẑ in
terms of a streamfunction ψ ′(x, z, t ) as

u′ = ∂ψ ′

∂z
, w′ = −∂ψ ′

∂x
, (22)

which by definition satisfies the continuity equation, Eq. (18).
Next, to eliminate pressure from the momentum equation, we
take the curl of Eq. (19) to get

Rae

Sc

[
∂

∂t
+ U

∂

∂x

]
∇2ψ ′ = ∇4ψ ′ − ∂

∂z
∇2φ′. (23)

Equations (21) and (23) describe the evolution of con-
ductivity and velocity perturbations, while Eq. (20) describes
the variation of electric potential due to the conductivity dis-
turbance. Equations (21) and (23) suggest that the role of
base-state EOF velocity, U x̂, is to simply convect the velocity
and conductivity disturbances. Therefore, to study the destabi-
lizing EHD flow and its underlying physical mechanism, it is
convenient to express the governing equations in a reference
frame moving with the uniform base-state flow. Henceforth,
denoting x to be the axial coordinate in the reference frame
translating at the base-state velocity U x̂, the governing equa-
tions in the moving frame are given by

Rae

Sc

∂

∂t
(∇2ψ ′) = ∇4ψ ′ − ∂

∂z
∇2φ′, (24)

∇ · (σ∇φ′) − ∂σ ′

∂x
= 0, (25)

∂σ ′

∂t
− ∂ψ ′

∂x

dσ

dz
= 1

Rae
∇2σ ′. (26)

To solve the governing equations, Eqs. (24)–(26), we re-
quire one boundary condition for φ′ and σ ′, and two boundary
conditions for ψ ′ at each boundary, z = ±1. Because the
conductivity at the boundaries is maintained constant by the
sheath streams, we assume that the conductivity perturba-
tions vanish at z = ±1. Consequently, the perturbations in the
electric field also vanish at the boundaries. These boundary

conditions can be expressed as

σ ′ = 0 and
∂φ′

∂z
= 0 at z = ±1. (27)

The remaining boundary conditions can be obtained by
considering that the velocity perturbations vanish at the
boundaries and assuming the boundaries to be stress-free [25],

ψ ′ = ∂2ψ ′

∂z2
= 0 at z = ±1. (28)

E. Normal mode analysis

The governing equations, Eqs. (24)–(26), and the boundary
conditions (27) and (28) are linear. Therefore, we can analyze
the temporal evolution of individual perturbations using the
normal mode analysis. To this end, we consider the perturba-
tion variables of the form⎧⎨

⎩
ψ ′(x, z, t )
φ′(x, z, t )
σ ′(x, z, t )

⎫⎬
⎭ =

⎧⎨
⎩

ψ̂ (z)
φ̂(z)
σ̂ (z)

⎫⎬
⎭ exp(st + ikx), (29)

where s and k denote the dimensionless growth rate and
wave number, respectively. In general, the growth rate can be
complex-valued, that is, s = Re(s) + iIm(s). Substituting the
form of solution given by Eq. (29) in the governing equations,
Eqs. (24)–(26), yields a coupled set of ordinary differential
equations in ψ̂ , φ̂, and σ̂ ,

sRae

Sc
(D2 − k2)ψ̂ = (D2 − k2)2ψ̂ − (D2 − k2)Dφ̂, (30)

σ (D2 − k2)φ̂ + DσDφ̂ − ikσ̂ = 0, (31)

sσ̂ − ikDσψ̂ = 1

Rae
(D2 − k2)σ̂ , (32)

where D ≡ d/dz. Similarly, the boundary conditions (27) and
(28) simplify to

ψ̂ = D2ψ̂ = Dφ̂ = σ̂ = 0 at z = ±1. (33)

Equations (30)–(32) along with the boundary conditions
(33) define an eigenvalue problem with growth rates s as
the eigenvalues and ψ̂ , φ̂, and σ̂ as the corresponding
eigenmodes. To solve this eigenvalue problem, we use the
pseudospectral collocation method with Chebyshev polyno-
mials as the basis functions [26]. We used 70 terms of the
Chebyshev polynomials for all our calculations, beyond which
there was negligible change in the computed eigenvalues.

IV. RESULTS AND DISCUSSION

In this section, we present the results of linear stability
analysis for flow configurations with varying center-to-sheath
stream conductivities. For all our calculations, we used Sc =
1000, corresponding to a typical EKI experiment with aque-
ous electrolytes, having η = 10−3 Pa s, ρ = 1000 kg m−3,
and D = 10−9 m2 s−1. Using these values of physical proper-
ties and taking ε = 6.9 × 10−10 C V−1 m−1, d = 25 µm and
microchannel length of 1 cm, an applied voltage difference of
500 V across the microchannel corresponds to Rae ≈ 1000.

First, we present the neutral stability curves and the eigen-
modes corresponding to the critical states for the onset of
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FIG. 2. Neutral stability curves for EKI in flow configuration wherein high- (low-) conductivity center stream coflows between low- (high-)
conductivity sheath streams. The conductivity ratio γ > 1 corresponds to the higher conductivity of the center stream compared with the sheath
streams, while γ < 1 corresponds to the opposite configuration. The solid lines denote the neutral states that exhibit a stationary eigenmode,
while the dotted lines denote the neutral states corresponding to an oscillatory eigenmode. The critical states exhibit a stationary mode for all
conductivity ratios and flow configurations.

instability. We also present a qualitative comparison of the
critical modes with those observed in the reported exper-
iments. We then present an approximate set of governing
equations assuming a small conductivity difference between
the center and sheath streams. Finally, using the approximate
model, we present the physical mechanism of the selective
appearance of the sinuous and varicose modes of EKI for
different flow configurations.

A. Neutral stability

First, we present the neutral stability curves corresponding
to Rae and k values for which the real part of the leading eigen-
value is zero, Re(s) = 0. We computed the neutral stability
curves for two types of base-state flows: (i) where high-
conductivity center stream coflows with low-conductivity
sheath streams (γ > 1) and (ii) where the center stream has
lower conductivity than the sheath streams (γ < 1). In Fig. 2,
we present the neutral stability curves for the two configura-
tions for varying values of conductivity ratio γ . The solid lines
in Fig. 2 correspond to the neutral states that exhibit a sta-
tionary eigenmode, that is, with Im(s) = 0 besides Re(s) = 0.
On the other hand, the dotted lines denote the neutral states
corresponding to an oscillatory eigenmode with Im(s) 
= 0.
The oscillatory eigenmodes occur in a pair with a complex
conjugate pair of growth rates with identical Re(s).

The neutral stability curve for the center-to-sheath stream
conductivity ratio of γ = 1.1 is shown in Fig. 2(a). The EKI
sets in as a stationary mode at low wave numbers k, while at
higher wave numbers, the neutral states exhibit an oscillatory
mode. Importantly, the critical state (k = 1.1, Rae = 863.27),
corresponding to the minima of the neutral stability curve,
exhibits a stationary eigenmode. Figure 2(a) also shows the
neutral curve for the case wherein the center and sheath
streams are interchanged, that is, when the center-to-sheath
stream conductivity ratio is γ = 1/1.1. The neutral curve for
γ = 1/1.1 is qualitatively similar to that for γ = 1.1. How-
ever, the critical state for γ = 1/1.1 occurs at a higher value
of Rae. This prediction is consistent with the observations
of Posner and Santiago [16] and Dubey et al. [19], whose
experiments showed that EKI occurs at higher electric field
for the flow configuration with low-conductivity stream flow-
ing between two high-conductivity sheath streams, compared
with the opposite configuration.

In Figs. 2(b) and 2(c), we present similar neutral curves
for γ = 5, 1/5, 10, and 1/10. These neutral curves are qual-
itatively similar to those presented in Fig. 2(a) for γ = 1.1
and 1/1.1. However, consistent with the experimental obser-
vations [16], the critical Rae decreases with an increase in
the mismatch between electrical conductivities of center and
sheath streams. A larger difference between the center and
sheath stream conductivities leads to a stronger electric body
force, destabilizing the flow at a lower electric field and Rae.

The neutral stability curves for different conductivity ratios
γ , shown in Fig. 2, suggest that the critical mode is stationary,
irrespective of the conductivity ratio; that is, in the reference
frame moving with EOF, the critical mode does not propagate
in the axial direction (x direction). In other words, the con-
vection of unstable modes in EKI is solely due to EOF, while
the destabilizing mechanism is purely electrohydrodynamic in
nature.

Another interesting observation from Fig. 2 is that the
neutral stability curves for this instability with orthogonal
conductivity gradients and electric field are qualitatively simi-
lar to those for EHD instability with a colinear conductivity
gradient and electric field [11,27]. However, in the latter
configuration, the critical mode is stationary only for a high-
base-state conductivity gradient, and for a base state with
a low-conductivity gradient, the critical mode is oscilla-
tory. In contrast, in the present case, our calculations show
that the critical mode is stationary for all conductivity ra-
tios. Consequently, setting s = 0 in the governing equations,
Eqs. (30)–(32), shows that the critical state and the corre-
sponding modes are independent of the Schmidt number Sc.

B. Critical modes

Next, we present the eigenmodes corresponding to the
critical states for representative center-to-sheath stream con-
ductivity ratios of γ = 1.1, 1/1.1, 10, and 1/10. In Fig. 3
we present the critical eigenmodes for conductivity σ ′ along
with the corresponding streamlines ψ ′. Figures 3(a) and 3(b),
respectively, show the critical modes for γ = 1.1 and 10, that
is, for cases where the center stream has higher conductivity
than the sheath streams. The critical modes for γ = 1.1 and
10 are qualitatively similar but differ in their wave number
k and the corresponding critical Rae. For γ = 1.1 the crit-
ical state occurs at k = 1.33 and Rae = 863.27, while for
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FIG. 3. The eigenmodes for conductivity σ ′ and the streamlines ψ ′ corresponding to the critical states for γ = 1.1, 1/1.1, 10, and 1/10.
Yellow and red correspond to positive and negative perturbations, respectively. Panels (a) and (b) show sinuous conductivity disturbances for
γ = 1.1 and 10, respectively. Panels (c) and (d) show varicose conductivity disturbances for γ = 1/1.1 and 1/10, respectively. The convection
cells indicate a destabilizing EHD flow, which further amplifies the conductivity disturbances.

γ = 10 the critical state occurs at k = 1.57 and Rae = 31.19.
Importantly, Figs. 3(a) and 3(b) show that for γ > 1, the
instability is characterized by conductivity perturbations that
are antisymmetric about the center line (z = 0). These anti-
symmetric conductivity perturbations correspond to sinuous
(in-phase) disturbances of the diffusive interfaces separating
center and sheath streams. The streamlines show that these
sinuous conductivity disturbances are accompanied by sta-
tionary convection cells that span the thickness of the fluid
layer and are symmetric about the center line (z = 0). These
streamlines depict a flow field that further stretches the con-
ductivity disturbances, suggesting the destabilizing nature of
the EHD flow.

In Figs. 3(c) and 3(d) we present the critical eigenmodes of
conductivity and the corresponding streamlines for γ = 1/1.1
and 1/10, respectively, that is, for cases when the center
stream has lower conductivity than the sheath streams. The
critical state for γ = 1/1.1 occurs at k = 1.67 and Rae =
2011.99, while that for γ = 1/10 occurs at k = 1.91 and
Rae = 60.17. For γ < 1, the critical eigenmodes of con-
ductivity, shown in Figs. 3(c) and 3(d), exhibit symmetric
disturbances about the center line. These symmetric conduc-
tivity disturbances correspond to the varicose (out-of-phase)
disturbances of the diffusive interfaces separating the center
and sheath streams. The streamlines corresponding to the crit-
ical state for γ < 1 show a pair of counter-rotating convection
cells along the thickness of the fluid layer. The flow field
associated with these convection cells tends to further amplify
the conductivity disturbances.

The critical modes of conductivity shown in Fig. 3 bear
a striking resemblance with the DMD modes extracted from
experimental data of EKI by Dubey et al. [19]. Further, for a
qualitative visual comparison of sinuous and varicose modes
with experimental observations, in Fig. 4 we replot the crit-
ical modes of conductivity perturbation σ ′ for γ = 1.1 and
γ = 1/1.1 (shown in Fig. 3) by superimposing them on the
corresponding base-state conductivity field. In this figure, we
have adjusted the contour colors to ensure the center stream

appears dyed with a passive fluorescent scalar, as in the ex-
periments [16,19]. The conductivity fields shown in Figs. 4(a)
and 4(b) compare well with the experimental snapshots shown
in Figs. 1(d) and 1(e), respectively. Overall, the linear stability
analysis correctly predicts the experimentally observed sinu-
ous and varicose modes of EKI for different base-state flows.

C. Limit of small conductivity difference between the center
and sheath streams

We have shown that the linear stability analysis correctly
predicts the sinuous and varicose EKI modes observed in the
experiments. However, the analysis till now does not explain

FIG. 4. Conductivity fields predicted using linear stability anal-
ysis at critical states for γ = 1.1 and γ = 1/1.1. These plots were
generated by superimposing the critical modes of perturbation con-
ductivity σ ′ on the corresponding base-state conductivity fields. The
contour colors have been adjusted to ensure the center stream ap-
pears dyed with a passive fluorescent scalar, as in the experiments.
(a) Sinuous disturbance of the center stream for γ = 1.1; (b) varicose
disturbance of the center stream for γ = 1/1.1.
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why EKI in a given configuration exhibits a particular mode
(sinuous or varicose) and not the other mode. To elucidate
the physical mechanism underlying the selection of unstable
modes, we simplify the governing equations, Eqs. (24)–(26),
in the limit of vanishingly small conductivity difference be-
tween the center and sheath streams, that is, γ = 1 + α, where
|α| � 1. This assumption is particularly justified to explain
the physical mechanism because the neutral stability curves
and the critical modes presented in Secs. IV A and IV B
show that the stability characteristics and the critical modes
are qualitatively similar for varying conductivity differences
between the center and sheath streams.

In the limit of small conductivity difference between the
flow streams, we can perform regular asymptotic analysis
of the linearized governing equations, Eqs. (24)–(26), taking
α = γ − 1 as the small parameter. We expand ψ ′, φ′, and σ ′
as follows:

ψ ′ = ψ ′
0 + αψ ′

1 + O(α2), φ′ = φ′
0 + αφ′

1 + O(α2),

σ ′ = σ ′
0 + ασ ′

1 + O(α2). (34)

Substituting this form of variables in Eqs. (24)–(26) and
expressing the base-state conductivity given by Eq. (16) as
σ (z) = 1 + α exp(−8z2) yields the following leading order
approximation of the governing equations:

Rae

Sc

∂

∂t
(∇2ψ ′

0) = ∇4ψ ′
0 − ∂

∂z
∇2φ′

0, (35)

∇2φ′
0 = ∂σ ′

0

∂x
, (36)

∂σ ′
0

∂t
− ∂ψ ′

0

∂x

dσ

dz
= 1

Rae
∇2σ ′

0. (37)

Here we have retained −(∂ψ ′
0/∂x)dσ/dz term, which is

O(α), in the conductivity transport equation, Eq. (37), because
Raedσ/dz is not small.

Next, we note that the leading order approximation of
the perturbation free charge is given by ρ ′

f 0 = −∇2φ′
0, from

Gauss’ law. Using this relation in Eq. (36) we can relate the
free charge with the axial gradient of the conductivity as

ρ ′
f 0 = −∂σ ′

0

∂x
. (38)

Alternatively, the above relation can be obtained through lead-
ing order approximation of charge density given by Eq. (6).
Also, the leading order term in the expansion of streamfunc-
tion, ψ ′

0, is related to the vorticity ω′
0 as ∇2ψ ′

0 = −ω′
0. Here

ω′
0 is the vorticity directed normal to the x-z plane and is pos-

itive for clockwise rotating flow. Therefore, the momentum
equation, Eq. (35), can be written in terms of vorticity and
free charge as

Rae

Sc

∂ω′
0

∂t
= ∇2ω′

0 − ∂ρ ′
f 0

∂z
. (39)

Equation (38) suggests that the free charge builds up in the
bulk solution primarily due to the axial conductivity gradients;
there is no free charge in the base state. This free charge cou-
ples with the base-state electric field (x̂ in dimensionless form)
to apply a torque −∂ρ ′

f 0/∂z on the fluid, which generates a
vorticity in the fluid, according to Eq. (39).

To test whether the approximate governing equations,
Eqs. (37)–(39), correctly model the characteristics of EKI, we
compare the eigenmodes and the critical Rae predicted using
these equations with those presented in Fig. 3. Upon perform-
ing normal mode analysis of Eqs. (37)–(39) and noting that the
critical state exhibits a stationary mode with s = 0, we obtain
the following the following boundary value problem:

(D2 − k2)2ψ̂0 = −Dρ̂ f 0, (40)

ρ̂ f 0 = −(D2 − k2)φ̂0 = −ikσ̂0, (41)

(D2 − k2)σ̂0 = −Raeikψ̂0Dσ , (42)

with boundary conditions

ψ̂0 = D2ψ̂0 = Dφ̂0 = σ̂0 = 0. (43)

Here ψ̂0(z), φ̂0(z), σ̂0(z) are the eigenmodes corresponding to
the eigenvalue Rae. Interestingly, this boundary value problem
can also be expressed solely in terms of ψ̂0 as

(D2 − k2)3ψ̂0 = Raek2D(Dσψ̂0), (44)

with boundary conditions

ψ̂0 = D2ψ̂0 = D(D2 − k2)2ψ̂0 = 0. (45)

We solved the eigenvalue problem described by Eqs. (40)–
(42) with the boundary conditions (43) for γ = 1.1 and γ =
1/1.1. The wave numbers of the critical modes predicted
using these equations and those using Eqs. (30)–(32) had
a negligible difference of 0.01. Therefore, for comparison,
we compare the eigenmodes of the exact and approximate
linear models at critical k predicted by the exact model,
Eqs. (30)–(32).

In Fig. 5 we present the critical eigenmodes predicted using
the approximate model, Eqs. (40)–(42), for γ = 1.1, that is,
when the center stream has higher conductivity than the sheath
streams. The eigenmodes for conductivity and streamfunc-
tion shown in Fig. 5(a) are similar to those predicted using
the actual linearized equations in Fig. 3(a). Moreover, the
approximate model predicts Rae = 827.72 at k = 1.33, com-
parable to the actual model’s prediction of Rae = 863.27. This
suggests that the approximate model captures the essential
physics of the instability.

Figure 5 also helps explain the destabilizing nature of the
electric body force arising from the conductivity disturbance.
The free charge density ρ ′

f 0 plotted in Fig. 5(b) has similar
sinuous structures as the eigenmode of conductivity σ ′

0. How-
ever, ρ ′

f 0 and σ ′
0 have a phase difference along the x direction

as ρ ′
f 0 = −∂σ ′

0/∂x from Eq. (38). Alternatively, this can be
deduced from Eq. (6), according to which the polarity of free
charge is opposite to the directional derivative of σ along the
electric field. Because the base-state electric field points along
the axial direction, the free charge develops in the regions with
axial conductivity gradients. The transverse gradients in the
free charge result in a torque −∂ρ ′

f 0/∂z on the fluid, shown in
Fig. 5(c), which drives counter-rotating convection cells. As
shown in Figs. 5(a) and 5(c), the directions of the torque and
the rotation of the fluid are the same.

Similarly, in Fig. 6 we show the critical eigenmodes
predicted using the simplified equations, Eqs. (40)–(42),

035106-8



MECHANISM OF SINUOUS AND VARICOSE MODES IN … PHYSICAL REVIEW E 110, 035106 (2024)

FIG. 5. The critical eigenmodes for γ = 1.1 predicted using the
approximate equations for small conductivity difference between
the center and sheath streams. Panel (a) shows the eigenmodes
for conductivity σ ′

0 and the streamfunction ψ ′
0 (streamlines). Pan-

els (b) and (c) show the corresponding free charge density ρ ′
f 0 and

torque −∂ρ ′
f 0/∂z, respectively. Yellow and red correspond to positive

and negative perturbations, respectively. The torque’s direction is
consistent with fluid rotation within the convection cells.

FIG. 6. Critical eigenmodes for γ = 1/1.1 predicted using the
approximate equations based on small conductivity difference be-
tween the center and sheath streams. Panel (a) shows the eigenmodes
for conductivity σ ′

0 and the streamfunction ψ ′
0 (streamlines). Pan-

els (b) and (c) show the corresponding free charge density ρ ′
f 0 and

torque −∂ρ ′
f 0/∂z, respectively. Yellow and red correspond to positive

and negative perturbations, respectively.

for γ = 1/1.1, that is, when the center stream has lower
conductivity than the sheath streams. The eigenmodes for con-
ductivity and streamfunction predicted using the approximate
model, shown in Fig. 6(a), closely resemble those obtained
using the actual model in Fig. 3(c). Also, the approximate
model predicts Rae = 2230.07 at k = 1.67, which is close to
the actual value of Rae = 2011.99. Because ρ ′

f 0 = −∂σ ′
0/∂x,

the variation of free charge density ρ ′
f 0 is similar to that of the

conductivity disturbance, except for an axial phase difference.
The torque associated with this charge density is shown in
Fig. 5(c). In this case, the torque associated with the elec-
tric body force is antisymmetric about the center line z = 0.
Therefore, it drives a pair of counter-rotating convection cells
along the thickness of the fluid layer.

D. Physical mechanism

Having discussed the sinuous and varicose eigenmodes
of EKI, we now summarize the physical mechanism under-
lying the selective appearance of these modes for different
flow configurations. First, we consider the case with a high-
conductivity center stream coflowing between two sheath
streams (γ > 1). In Figs. 7(a) and 7(b),respectively, we illus-
trate the two possible conductivity disturbances for γ > 1: (i)
sinuous disturbance, wherein the perturbations of the top and
bottom conductivity interfaces are in-phase, and (ii) varicose
disturbance, wherein the perturbations of the top and bottom
interfaces are out of phase. The conductivity perturbations
lead to gradients in the local electric field, which, in turn, due
to Gauss’ law, result in the accumulation of free charge in the
bulk solution.

According to Eq. (38), the free charge is primarily gov-
erned by the axial conductivity gradients. The qualitative
distribution of free charge corresponding to sinuous and vari-
cose conductivity disturbances for γ > 1, based on Eq. (38),
is illustrated in Figs. 7(a) and 7(b). The free charge associated
with axial conductivity disturbances couples with the base-
state electric field, applied along the x direction, to apply an
electric body force on the fluid in the directions shown in
Figs. 7(a) and 7(b). The variation of the electric body force
along the transverse (z direction) results in a torque on the
fluid that generates vorticity. The torque corresponding to the
sinuous conductivity disturbance for γ > 1 drives vortices in a
direction that further amplifies the conductivity perturbations,
as shown in Fig. 7(a). This was also shown earlier in Fig. 5
using the approximate model derived in the limit of small
conductivity difference between the flow streams. In contrast,
a varicose conductivity disturbance for γ > 1 results in an
electric body force, which is symmetric about the center line
z = 0 and hence, the torque is antisymmetric about z = 0.
Consequently, the torque drives a pair of counter-rotating
vortices along the thickness of the fluid layer. These vortices
diminish the amplitude of conductivity disturbances, as shown
in Fig. 7(b). Therefore, EKI exhibits only the destabilizing
sinuous mode when the center stream has higher conductivity
than the sheath streams.

Next, in Figs. 7(c) and 7(d) we illustrate the physical
mechanism of EKI in the configuration with the center stream
having lower conductivity than the sheath streams (γ < 1).
Because the free charge density is dictated by the axial con-
ductivity gradients, the spatial distribution of charge due to
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FIG. 7. Schematic illustrating the physical mechanism underlying selection of sinuous mode for higher conductivity and varicose mode
for lower conductivity center streams. The flow is shown in the reference frame moving with uniform EOF. Negative charge accumulates in
the region where the base-state electric field E0x̂ crosses from a low- to high-conductivity region, whereas positive charge accumulates in
the opposite case. The electric body force, due to the coupling of free charge and applied electric field, causes a torque that drives stationary
convection cells. (a), (b) When the center has higher conductivity than the sheath streams (γ > 1), a sinuous conductivity disturbance leads to a
destabilizing flow, as shown in (a), while a varicose disturbance induces a stabilizing flow, as shown in (b). (c), (d) When the center stream has
lower conductivity than the sheath streams (γ < 1), the charge distribution and, hence, the EHD flow is opposite to that for γ > 1. Therefore,
the sinuous disturbance, shown in (c), diminishes, and the varicose disturbance, shown in (d), amplifies.

conductivity disturbances for γ < 1 is opposite to that shown
in Figs. 7(a) and 7(b) for γ > 1. Correspondingly, the torque
resulting from coupling of the free charge and base-state
electric field for γ < 1 is also opposite to that for γ > 1.
Therefore, for γ < 1, the internal EHD flow generated due
to a sinuous conductivity disturbance has a stabilizing effect,
while the flow due to a varicose conductivity disturbance
further amplifies the conductivity disturbance.

In summary, the crucial insight provided by Eq. (38), that
the free charge in the bulk fluid develops primarily due to
axial conductivity gradients, helps explain the destabilizing
nature of sinuous and varicose conductivity disturbances for
γ > 1 and γ < 1, respectively. Moreover, because a conduc-
tivity disturbance produces opposite charge distribution for
base states with γ > 1 and γ < 1, the unstable and stable
modes of one configuration are respectively stable and un-
stable for the other configuration. The physical mechanism
of EKI described here explains why all experimental obser-
vations of EKI show only sinuous (varicose) mode when the
center stream has higher (lower) conductivity than the sheath
streams [14–16,19].

V. CONCLUDING REMARKS

We have performed a linear stability analysis of EKI in a
system wherein EOF establishes a base-state flow with two
sheath streams flowing in parallel with a center stream with
mismatched electrical conductivity. In particular, we analyzed
EKI for two distinct configurations where the center stream
has higher or lower conductivity than the sheath streams. The
stability analysis correctly explains the experimental observa-
tions of sinuous modes of EKI when the center stream has
higher conductivity compared with the sheath streams and

varicose modes for the opposite case. Moreover, the linear sta-
bility analysis predicts that the selection of unstable sinuous
and varicose modes in the respective flow configurations is
independent of the conductivity difference between the center
and sheath streams.

We have also described the physical mechanism underlying
the selection of sinuous and varicose modes of EKI in differ-
ent flow configurations. The role of EOF in EKI is to establish
the base state and convect the unstable modes. The instability
occurs in form of stationary convection cells in the frame of
reference moving with the EOF. The destabilizing flow is due
to internal EHD motion driven by the coupling of the applied
electric field with free charges associated with the conduc-
tivity gradients. Specifically, the spatial distribution of free
charges is governed primarily by the axial conductivity gra-
dients. Therefore, a conductivity disturbance over base states
with center streams having higher and lower conductivity than
the sheath streams produces opposite charge distribution in the
regions with conductivity gradients. Consequently, the modes
that are stable and unstable in the configuration with a higher
conductivity stream in the center have an opposite effect in the
configuration where the center stream has lower conductivity.
Overall, the physical mechanism of EKI described here ex-
plains why all reported EKI experiments show either a sinuous
or a varicose mode, depending upon the flow configuration.
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