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We present a fast Bayesian inference framework for solving inverse heat conduction problems (IHCP) for
the estimation of boundary heat flux. The framework leverages the polynomial chaos expansions (PCEs) for
generating computationally efficient and statistically equivalent surrogate model of the computationally expen-
sive forward model and dimensionality reduction based on Karhunen-Loeve (K-L) expansion. We demonstrate
the potential of this approach using three model problems to estimate heat flux in inverse heat conduction
models. We represent the heat flux using K-L expansion to reduce the high dimensionality of the heat flux and
compute the posterior probability distribution of the heat flux using the temperature measurements. The first
inverse problem involves the estimation of time-varying heat flux in a one-dimensional slab using transient
temperature measurements. The second problem involves the estimation of the unknown time-dependent heat
flux of the disc in a realistic axisymmetric disc brake system. The third problem involves the estimation
of the surface heat flux on a sounding rocket having a realistic three-dimensional geometry of the rocket
module used in actual flight tests. We further obtain the inverse solution by computing the expectation of
the distribution and demonstrate that this approach becomes orders of magnitude more efficient when we use
the PCE surrogate model instead of the direct forward model for comparable accuracy. The numerical results
show that this framework overcomes the drawback of high computational cost of Markov chain Monte Carlo
(MCMC) without compromising on solution accuracy. The combination of PC-based surrogate modeling and
K-L based dimensionality reduction leads to over 2000—fold speed up of numerical solution of IHCP.

1. Introduction In this paper we focus on the inverse heat conduction problem
(IHCP) which involves the estimation of the unknown boundary heat

A variety of physical phenomena can be described by forward math-
ematical models, which predict measurable quantities based on the
governing equations, initial and boundary conditions, and the values
of various model parameters. On the other hand, the inverse problems
involve predicting these model parameters, boundary conditions, and
the initial conditions from a set of observations. Inverse problems can

be classified into two categories: (i) inverse problems that involve the

flux or the thermophysical properties of the medium using temperature
measurements. IHCPs for boundary heat flux estimation find appli-
cation in various fields of science and engineering, including space
technology [1,2], manufacturing process control [3], quenching hot
metals or cooling down power electronics [4], aerospace and nuclear
engineering [5], and medical diagnostics [6]. Such inverse problems

design of engineering products, and (ii) those that come up in identi-
fying physical processes. Inverse problems associated with engineering
design involve figuring out the features of an engineering unit’s design
to achieve desired performance characteristics. Inverse problems of the
second class involve the estimation of model parameters, such as the
boundary conditions, thermophysical properties, initial conditions, or
source terms. The latter class of inverse problems are usually part of
experimental research, which involves figuring out the input of the
experiment which caused the measured output.
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involving the estimation of boundary conditions, such as the heat flux,
can be solved either by a parameter or function estimation approach.
They can be reduced to estimating a small number of parameters if
some information is known about the functional form of the unknown
boundary condition. However, with no prior knowledge of the un-
known boundary condition’s functional form, the inverse problem can
be viewed as a function estimation technique in the space of functions
with infinite dimensions [3].
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Nomenclature

Abbreviations

1-D One-dimensional

2-D Two-dimensional

3-D Three-dimensional

BI Bayesian inference

IHCP Inverse heat conduction problem
K-L Karhunen-Loeve

MCMC Markov chain Monte Carlo

PCE Polynomial chaos expansions

Greek symbols

Scale parameter

R R
*

Probability ratio

Shape parameter

Mean

Physical domain

Basis functions of the PCE
One-dimensional hermite polynomials
Density

A€ §HT ™

Standard deviation of the measurement
noise
Correlation time

al

[4 Hyperparameter

£ Stochastic dimension

Ak Eigen values

o Eigen functions

Probability density of measurement error

Other symbols

n Unit normal vector

T Predicted values of temperature

T s Observed temperature

z Vector of discretized heat flux

®; Probability density of ith component of
measurement error

Ck K-L modes

o
=

Specific heat capacity

e Measurements error

G Forward model

h Heat transfer coefficient
k Thermal conductivity
N Number of simulations
n Number of terms

p Order of polynomial

q Heat flux

T Temperature

t Time

T, Initial temperature

T, Ambient temperature

w Weight of quadrature points
X, Y, 2, F Coordinates

The IHCPs are mathematically classified as ill-posed and their solu-
tions are generally obtained numerically by reformulating them into
an approximate well-posed problem. The various methods to solve
IHCP can be classified into deterministic and stochastic methods. The
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deterministic methods try to find the solution to inverse problems
without explicitly assuming any probabilistic model for the model
parameters or for the errors in observed data. A direct way to determine
the solution using a deterministic approach is the least squares method
by finding the mismatch between observed data and the forward model.
Moreover, regularization methods have been developed to impose well-
posedness on the inverse problems. Various deterministic techniques,
such as generalized or weighted least squares, L, norm solution [7],
conjugate-gradient method [8,9], Levenberg-Marquardt method [3,10-
12], golden section search method [13], decentralized fuzzy inference
method [14,15], iterative regularization methods [11] have been devel-
oped for parameter and function estimations in inverse heat conduction
problems. These deterministic methods are easy to implement and
predict single values of model parameters through optimization to
minimize the difference between measurement data and model pre-
diction [16]. However, these methods do not provide higher-order
statistics of the parameter estimates. More details on the deterministic
methods are reviewed by Alifanov [2] and Ozisik et al. [3].

Stochastic methods for solving inverse problems model the uncer-
tainties in model parameters with appropriate probability distributions
and predict their estimated values. Genetic algorithms [17], particle
swarm optimization [18], simulated annealing [19], and ensemble
Kalman filter [20] are some types of stochastic methods that have been
successfully applied to solve inverse heat transfer problems, allowing
for the recovery of the thermophysical properties of a system [14,15].
Most of these stochastic methods are based on the Bayesian inference
(BI) approach. The BI approach incorporates the known information
regarding the unknown model parameters by starting with a prior belief
of the model parameters in terms of a prior probability distribution. The
uncertainty of the model parameters is propagated into the predictions
of the final model. Finally, by comparing the measured data and the
model predictions, the belief in model parameters is updated using
the Bayes’ rule [21]. This yields a posterior probability distribution of
the model parameters and is in contrast to the deterministic methods,
which provide single best-estimated values of the unknown model
parameters. The BI framework also helps to quantify the uncertainty in
the model parameters and shows a reduction in the uncertainty after
incorporating the measured data with the prior belief. Moreover, BI also
regularizes the ill-posedness of IHCP through regularization by the prior
distribution.

The BI framework being a probabilistic approach does not give a
single value of the estimated parameters but gives a probability distri-
bution. The BI method requires efficient sampling strategies to sample
the posterior distribution which is generally non-Gaussian for high
dimensional problems [22]. The standard sampling method to sample
the posterior distribution is based on the Markov chain Monte Carlo
(MCMC) method. Sampling of the posterior distribution using MCMC
sampling yields the mean, mode, and other higher-order moments of
the given problem. The exploration of the posterior distribution of
the unknown parameters using MCMC requires repeated evaluation
of the forward model which can be computationally expensive for
high-dimensional and complex heat conduction problems. The com-
putational cost of these forward evaluations becomes prohibitive for
Monte Carlo simulations generally requiring 10°~10° samples [23]. The
previous studies on the use of BI for solving IHCP, such as those by
Wang and Zabaras [23], Koutsourelakis [24], Parthasarathy and Bal-
aji [25], and Cao et al. [26] all rely on this computationally expensive
approach.

Various stochastic methods such as EnKF [20] and Gaussian pro-
cesses [27] have been developed to overcome the limitation of high
computational cost of MCMC. These methods are based on simplifying
assumptions of Gaussian prior and posterior distributions. In this paper,
we present an alternative method of accelerating BI without making
any assumptions on the prior and posterior. This paper presents a
formulation designed to accelerate evaluation of the posterior using a
surrogate model based on polynomial chaos expansions (PCEs). PCE is
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a way of representing a random variable in the form of an infinite series
with a sequence of orthogonal polynomials as basis functions [28]. The
polynomials are functions of another simpler random variable and the
type of random variable decides the choice of orthogonal polynomials.
The selection of polynomial basis is based on their orthogonality with
respect to the probability density function of the simpler random vari-
able. The surrogate models are represented by the series of orthogonal
polynomials with respect to the distributions of the model parame-
ters. The PCE representation of the model predictions also defines
the uncertainty that is propagated through the forward model with
a stochastic method. The forward uncertainty propagation yields a
polynomial approximation of the forward model over the support of
the prior. This approximation gives a reduced-dimensionality form of
the forward model which serves as a surrogate to obtain the posterior,
which is explored with MCMC.

To achieve further speedup in solving IHCP for boundary heat flux
estimation using BI, we represent the uncertain heat flux profile using
the Karhunen-Loeve (K-L) expansions. The K-L expansions represent
random fields into a linear combination of orthogonal basis functions
and random variables as coefficients or modes in the form of an infinite
series [29]. The problem then transforms to the prediction of the
unknown modes of the truncated K-L expansion using the BI approach.
The use of K-L expansion provides the necessary regularization to de-
termine continuous heat flux from finite data. Moreover, representation
of heat flux in terms of K-L expansions reduce the inverse problem to
the determination of a few coefficients as opposed to the estimation of
time-varying heat flux at many discrete time instances. We show that
the combination of K-L representation of uncertain heat flux along with
PCE-based surrogate model yields a computationally efficient approach
for solving complex IHCPs.

In the current work, we describe the BI framework based on PCE and
K-L expansion to estimate unknown heat flux in inverse heat conduc-
tion problems. We begin by presenting the deterministic equations for
modeling the forward heat conduction problem. Next, we describe the
Bayesian inference methodology to solve IHCP. After that, we provide
a brief overview of K-L expansion for dimensionality reduction of the
forward model to solve the inverse problem using MCMC sampling.
Following that, we represent the unknown heat flux using K-L expan-
sion and transform the problem to the prediction of the unknown K-L
modes using the BI approach. We then present the fast BI framework
using the PCE-based surrogate model. Thereafter, we present results
for estimating the heat flux in a 1-D slab, a realistic problem of heat
flux estimation in a 2-D disc brake system, and the estimation of
surface heat flux in a 3-D sounding rocket system based on the realistic
geometry of the rocket module used in actual flight tests. We validate
the framework for different heat flux profiles and compare the accuracy
of posterior estimates and the efficiency of the method.

2. Methodology

In this section, we discuss the Bayesian inference approach using the
PCE surrogate for estimating unknown transient boundary heat flux in
heat conduction problem. We begin by discussing the basic governing
equations which are used to solve a forward heat conduction problem.
Then, we present the application of the Bayesian inference method
for the inverse heat conduction problem, followed by a discussion
on K-L expansion for dimensionality reduction of the unknown heat
flux. Next, we discuss their application along with PCE surrogate to
propagate uncertainty and accelerate the Bayesian inference method.
We show the application of the method to three different IHCPs of
varying complexity, which we discuss in detail in Section 3.
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2.1. Problem formulation and governing equations for the forward problem

We consider transient heat conduction in a homogeneous medium
without internal heat sources shown schematically in Fig. 1. The phys-
ical domain of the model problem is represented by . The known
boundary conditions include the temperature T,(x,1) on I, the heat
flux g, on I, and the heat transfer coefficient # and temperature T; on
I; (I,uIl,uI; U =T). The time-varying temperature in the medium
is described by:

pcp% =V-(kVT), in 2, 1€[0,t,.] (€3]
T(x,1)=Ty(x,1), on I, t€][0t,,] 2)
- k% =qu(x,t), on Ty, t€I[0,t,u] 3)
- k% =hAT, on TI,, 1t€[0,1,,l @
- k% =qo(x,t) on Iy, te€[0,1,,] 5)
T(x,0)=Ty(x) in £, (6)

where p, ¢, and k are the density, heat capacity and thermal conduc-
tivity respectively.

For a forward heat conduction problem, temperature T can be
calculated for all points x and time ¢ by using Egs. (1)-(6) for a
given heat flux ¢y(x,7) on I} in [0,1,,.]. However, in the context of
inverse heat conduction problem the heat flux gy(x, ) is considered to
be unknown and is to be estimated. The unknown heat flux gy(x,#) on
I, as shown in Fig. 1, is estimated using temperature measurements at
a few locations within the domain at some fixed time intervals.

2.2. Inverse problem using Bayesian inference

To illustrate the use of Bayesian inference for solving the inverse
heat conduction problem, we here consider a forward problem,

T =G(2). )

Here, G represents the forward model, i.e., the forward heat conduction
equation, T denotes the predicted value of temperature at the locations
where the temperature is measured. Here, Z = [q(t)), q(ty), ... .., q(t,,)]
which represents an n-dimensional vector of discretized heat flux values
prescribed at fixed time intervals; we assume a spatially uniform but
time-varying heat flux. Here, Z is considered to be the heat flux,
although Z could also contain other model parameters such as heat
capacity, thermal conductivity or other thermophysical properties. In
the Bayesian framework, the unknown heat flux Z is considered to be
a time-dependent and/or space-dependent function, and Bayes’ rule is
used to define a posterior probability density for Z, given observed
temperature T .. The unknown heat flux is assumed to have a prior
probability density of #(Z) before observing the temperature data T .
Bayesian inference entails prediction of posterior probability density of
heat flux z(Z|T ;) taking into account the observed temperature T ..
The observed temperature T, differs from the predicted temperature
T due to measurement uncertainties. The measurement uncertainties
are assumed to be additive,

Tops =T +e=G(Z)+e, ®

where e denotes measurement errors that are assumed to be indepen-
dent and identically distributed. Therefore, the probability density of
observed temperature given the heat flux is z(T | Z) = z,(T ,,s— G(Z)),

where 7, is the probability density of measurement error; z(T | Z) is
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Fig. 1. Schematic of the inverse heat conduction problem. The objective is to estimate the unknown boundary heat flux g, using the temperature measurements 7 at the

thermocouple locations. The boundary conditions on the remaining domain are known.

called the likelihood function. The measurement errors for different ob-
servations can be assumed to be independent and hence the likelihood
function can be taken as

(T 5,1 Z) = [ [ 0T = T ©

Here, ¢; denotes the probability density of ith component of e, and T;
and T, ; are respectively the ith component of predicted temperature
T and observed temperature T ;.. Usually, the measurement errors are
Gaussian and independently distributed; therefore likelihood function
can be simplified to

T. . —T)>
(T | Z) o Hexp (_% Y %) . (10)
Here, o is the standard deviation of the measurement noise. The inverse
heat conduction problem deals with the calculation of the posterior
probability density of the values of the vector Z representing the
unknown heat flux given the observed temperature data. To this end,
we employ the Bayes’ rule

(T pps| Z)7(Z)

ZIT,, )= — 2 obs! EE)
HZIT ops) T 2Z|Ty)n(Z)dZ’

1D
#(Z|T,,,) and n(Z) are called posterior probability density function
and prior probability density function, respectively. The vector Z rep-
resenting the unknown heat flux in the IHCP can be treated as a random
process and Bayesian estimation can be used to compute its posterior
probability density function. Once z(Z|T ) is obtained, the posterior
mean estimates of Z can be computed along with their probability
bounds.

The prior distribution modeling is required for the representation of
the unknown heat flux. We will focus on Bayesian techniques, which
use prior information to give a natural mechanism for regularization.
Previous studies have used discrete values of Z as unknown parameters
to represent the prior. However, one needs to construct a continuous
function. Wang and Zabaras [23] have used Markov random field
(MRF) for prior modeling of flux. However, MRF requires a larger
number of discrete points to represent the field. Therefore, in the
current work we represent the random field using K-L expansion which
represents it with lesser number of parameters, which are the modes of
the K-L expansion. The choice of prior is described below.

2.3. Karhunen-Loeve expansion

Typically, in Bl-based solution of IHCP, Z is taken as heat flux
values at discrete time steps and locations. In most of the previous
works, the corresponding prior Z is chosen as a random field to recover
the continuous function from finite data. However, the random field

requires a large number of discrete points to represent the heat flux.
Therefore, in the current work, K-L expansion is considered as an
appropriate choice for prior distribution modeling as it represents the
heat flux with lesser number of parameters. KL expansion has been
successfully used for prior distribution modeling in numerous applica-
tions [30,31]. The K-L expansion considers how much data is really
needed to capture variation among realizations of unknown random
processes [30]. The representation of the heat flux in the form of K-L
expansion transforms the inverse problem to inference on a truncated
sequence of weights of the K-L modes. K-L expansion not only reduces
the dimension of the problem but also cures the ill-posedness of the
inverse solution by introducing a regularization term through the prior
distribution function.

In the K-L representation, the unknown heat flux Z is parametrized
using Karhunen-Loeve expansion and written as,

Z() = (Z0) + Y.V iy 12)
k=1

where A, and ¢, are the ordered eigenvalues and corresponding eigen-
functions of the covariance kernel and ¢, are independent standard
normal random variables, ¢, ~ N'(0,1). In practice, the expansion is
truncated at » terms, to obtain an approximate Gaussian random field.
The covariance kernel is chosen from the exponential conjugate family
given as,

c _ Ity =1,
o(t, 1) =Oexp| ———— |, (13)
272
The correlation time 7 is considered known and the scale 6 of the
prior covariance is considered to be a hyperparameter provided with
a conjugate inverse gamma hyperprior, 0 ~ IG(a, f).
B i B
0)=——067" -=. 14
p(6) T expl{—y a4
The shape parameter a and the scale parameter f are taken to be
1. The eigenvalues and eigenfunctions are solved using the Fredholm
equation [32],

/ Ct, 1) (t)dty = Ay (ty). (15)
D

The covariance kernel C(z,t,) is symmetric and positive definite and
using Mercer’s theorem [33] can be written as,

Cltyty) = Y Aty (12). (16)

k=1
Approximating the heat flux by a truncated » term K-L expansion,

Z,() = (Z0) + Y, Vi 0c. an
k=1
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The covariance kernel of Z,, is

n
Clty, 1) = Y dbit)(t), 8)
k=1
which converges to Eq. (16) as n — oo The representation of heat flux
using K-L expansion transforms the problem to the prediction of the
unknown K-L modes ¢, c,, ....,c,. Therefore, we explore the posterior
distribution of the weights ¢, of the K-L expansion. Now, we write the
posterior density in the form of ¢, as,

7(c,0|T ) x 7(T 5 lCc) X 7(c|6) X 7(0) x H @;(T o5 ; — (G(Z(c)))) X

T a
0~"?exp <—%> X %0"”%@(—

B
5)- 19
The MCMC simulations are performed on the posterior distribution of
¢,- Random walk Metropolis algorithm is used to sample c; and Gibbs
updates are used for the hyperparameter 6. The mean value of ¢, is
obtained by taking the mean of the posterior distribution of ¢, after
the burn-in period. Finally, the posterior mean heat flux is computed
by using posterior mean values of ¢, in Eq. (17). Here, ¢ is analogous
to the regularization parameter in Tikhonov regularization. Therefore,
representing the prior using K-L expansion effectively evaluates the
regularization’s strength when conditioning on the data. Because of
this, regularization in BI leads to the uniqueness of the inverse solution.

2.4. Markov chain Monte Carlo (MCMC)

Sampling of the posterior distribution of the K-L modes ¢, requires
numerical sampling methods because the posterior state space is high
dimensional with unknown probability density function. We use the
Metropolis-Hastings algorithm [34] to sample the posterior probability
density function and the scale parameter 0 is sampled directly from the
inverse gamma distribution [30]. The Metropolis—Hastings algorithm is
a MCMC method based on the principle that the sampling is done from
a Markov chain in such a way that the sampled distribution converges
to the target distribution at equilibrium state. In the MCMC method,
the sampling is initiated with an initial value of ¢(. Then, the next
value ¢ is sampled using a proper proposal distribution, which is a
conditional distribution on the current state. Thereafter, the ratio of the
probability of the new proposed sample (z(c*)) to the probability of the
current state (z(c'™1)) is calculated as

. Cof (20)
ﬂ(ct—l)

If the new sample proposed is more likely than the existing sample

(a* > 1), the sample is accepted, else the sample is accepted with

probability a*. This procedure is repeated until a stationary state is

achieved, and the Markov chain approaches the target distribution after

a sufficient burn-in period.

2.5. The PCE-based surrogate model for fast Bayesian inference

The MCMC method discussed in Section 2.4 can be used to perform
BIL. However, it involves millions of computations of the forward model
for evaluation of the likelihood or posterior at many values of the flux
(Eq. (10)), which makes this method computationally expensive. In the
current work, we use PCE-based surrogate model to significantly reduce
the cost of sampling the posterior density. PCE represents the model
predictions in the form of an expansion function of the uncertain model
parameters with prior probability distribution functions. The model
predictions can be expressed by a series of orthogonal polynomials with
respect to the distributions of the uncertain model parameters. We first
obtain the PCE-based surrogate model for the exact forward problem,
for a prior distribution of heat flux Z represented using K-L modes c,.
Thereafter, the PCE surrogate model is used in the MCMC method in
Eq. (19), instead of solving the exact forward problem while sampling
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from the posterior distribution. The use of the PCE surrogate enables
computationally efficient sampling from the posterior distribution. We
now explain the mathematical formulation of the PCE-based surrogate
model.

2.5.1. Mathematical formulation of the PCE surrogate

In terms of the heat flux, we employ a non-intrusive strategy to
generate a PCE surrogate for our model predictions, which in this case
is the temperature. A detailed discussion on developing a PCE-based
surrogate model has been provided by Reagan et al. [35] and we briefly
summarize the procedure here. In the PCE method, we propagate the
variability in model parameters to model predictions by introducing
additional stochastic dimensions & = [&),&,,&, ... &,], corresponding
to n uncertain model parameters. Because, we represent the heat flux
using the K-L expansion, the model parameters are the K-L modes
¢,- The stochastic dimensions & ~ N(0,1) are selected as a random
variable with standard normal probability density function for normally
distributed model parameters. Therefore, the normally distributed K-L
modes can be written in terms of the random variable &, as

cx = Hy + 0y, (21)

where 4, and ¢, are the mean and standard deviation of the prior distri-
bution of the K-L mode ¢,. The model prediction such as temperature,
denoted by T is expressed using PCEs [36] as

5
T(x,1,8) = ) Te(x, D (), (22)
k=0
where, T represents the coefficients of the temperature at that location
and time and ¥, are the basis functions of the PCE. The choice of the
basis functions depends on the distribution of random variables (&).
The basis functions are orthogonal to each other, with the probability
density as the weighing function. In the present case, the random
variables are assumed to follow normal distribution. Therefore, the
polynomial basis chosen are Hermite polynomials [35].
For one uncertain normally distributed parameter, the basis func-
tions ¥, = y, are one-dimensional Hermite polynomials.

wo=Ly =&y, =8 — Ly, =& -3¢ (23)

For practical purpose, the infinite series in Eq. (22) is truncated to a
fixed order P, which is the order of the highest polynomial required to
construct the PCE. Therefore, for the case of one uncertain parameter,
the total number of terms in PCE is P + 1. In general, for n dimensions
and highest order of polynomial as p, the total number of terms in PCE
in Eq. (22) is P + 1 given as
_(ptm!

Topml

The PCE basis functions ¥, (£) are n-dimensional Hermite polynomials

which are the product of one dimensional Hermite polynomials. The
Hermite polynomials involve multi-index m

P+1

24

‘.
& = [Ty @ (25)
i=1

The first few 2-D Hermite polynomials for two uncertain model param-
eters (n = 2), are given by
Fo(®) = woEDwo(&) = 1,
(&) = w1 (EDwe(&) = &1,
(&) = woEDw1(&) = &,
P3(8) = wr(EDwo(&) = & — 1,
Y4(&) = wi Dy (&) = 16,
P5(&) = voEn&) =& — 1.

We compute the coefficients T}, of the corresponding PCE of tem-
perature in Eq. (22) to describe the dependence of temperature on

(26)
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the uncertain model parameters. To this end, we truncate Eq. (22) to
P terms and estimate the coefficients T, using the orthogonality of
Hermite polynomials with respect to the standard normal probability
density function f (&) and project the PC expansions onto the PC basis
to get

[a T E0V (O (©dE _ (T,)
[ PO (E)dE oy

The integrals in the numerator and denominator of Eq. (27) can be
approximated using weighted average of functional values at specific
points within the domain of integration which can be evaluated by
numerical Gauss-Hermite quadrature. For a single uncertain parameter
(n = 1), the coefficients T (x, ) of the PC expansion can be calculated
as

(27)

Ti(x,t) =

Zf:l T(x,1t, 50))1}1[((5(/))“)(1')
Z,-N=1 lpf(g(j))w(j)

Here, w') is the weight corresponding to the quadrature point and
N is the total number of quadrature points required to accurately
approximate the integral. The terms T'(x, t,£Y)) are computed using the
forward model using the model parameters corresponding to £,

In general, for » number of uncertain parameters, the quadrature
points at which deterministic calculations are performed are given by
the n-dimensional tensor product of one-dimensional quadrature points.
Therefore, as the number of uncertain parameters increases, the num-
ber of solutions of the forward model required to perform numerical
integration increases exponentially as N”. To overcome this limitation,
in the current work, we use Smolyak quadrature [37] which requires
significantly less number of quadrature points to perform numerical
integration with reasonable accuracy. Solving for the coefficients of
PCE yields the surrogate model for the forward problem. Thereafter,
we use the surrogate model in Eq. (10) to predict the temperature to
propagate uncertainty from prior distribution of model parameters to
model predictions. The calculation of temperature using the surrogate
model instead of solving the full forward model in Eq. (19) accelerates
the BI based solution to the inverse problem. In addition, knowing the
PCEs, we can also compute the various statistical moments such as
mean and standard deviation of temperature. The mean is given by the
zeroth-order coefficient T, because the expectation (¥, ) = 0 for k > 0
and the variance is calculated using the higher-order coefficients. The
variance of temperature is calculated by,

T (x,1) = (28)

P

Var(T) = ((T = (T)*) = Y TH(¥}). (29)
k=1

3. Results and discussion

In this section, we demonstrate the introduced dimensionality re-
duction and fast Bayesian inference approach on three inverse heat
conduction problems. The problems consist of estimating unknown
time-varying heat flux using the proposed approach. The first problem
is a classical one-dimensional IHCP in which transient boundary heat
flux on a slab is estimated using the temperature measurements at
a certain location within the slab. The second problem involves a
two-dimensional disc brake system in which heat flux of the disc
is estimated using temperature measurements taken within the disc.
The third problem consists of a sounding rocket system in which the
surface heat flux on the rocket module is estimated using temperature
measurements inside the rocket shell.

3.1. Heat flux estimation in one-dimensional heat conduction

We begin by considering the IHCP of boundary heat flux estimation
for a 1-D slab as shown in Fig. 2. A transient heat flux ¢(¢) is applied
at x = 0 and the slab is insulated at the other end (x = L). Initially,
the slab has a uniform temperature (" = T;)). The governing equation
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Fig. 2. Schematic illustrating the one-dimensional inverse heat conduction problem
in a slab. The transient boundary heat flux ¢(r) is estimated using the temperature
measurements at the sensor placed at x = L/4.
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Fig. 3. Decay in eigenvalue of the triangular profile for varying K-L modes with
different prior correlation times .

and the corresponding initial and boundary conditions to solve the
one-dimensional forward problem are given as,

or _ T
— =a—, t>0, O0<x<IL, 30
ot ox? * 30)
T(x,00=T,, 0<x<L, (31)
ITI —o, +>0, (32)
0x x=L
—kﬂ =q@), t>0, (33)
ox x=0
where, @ = k/pc,. Now we introduce the following dimensionless
variables,
. - T-T, - L
P L (il () ppe— L — 349
L 12 Ty =Ty k(T,o; — Tp)

where, T, is some arbitrary reference temperature different from the
initial temperature. On non-dimensionalizing Egs. (30)—(33) using the
dimensionless expressions in Eq. (34), the non-dimensional equations
to solve the one-dimensional forward problem are given as,

.
Eza—T, >0, 0<x<l, (35)
of %2

T(x,0=0, 0<%<I1, (36)
£ =0, 7>0, 37)
0X [3=1

O g6, iso 38)
0% |3=0

The forward problem described by Egs. (35)-(38) involves the
estimation of the temperature 7(%,7) in the region 0 < % < 1 when
the flux §(7) is known. For convenience, we henceforth remove the
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(b) Posterior mean estimates of flux for varying o
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Fig. 4. The prediction of the unknown transient heat flux using the PCE-based BI framework. (a) Posterior mean estimate of heat flux for varying number of terms (n) in K-L
expansion. The posterior transient heat flux matches well with the true heat flux and an optimum solution is obtained at n = 10. (b) Posterior mean estimate for varying o.
(c) Posterior mean estimate and associated 5%-95% quantiles from the MCMC samples. The probability bounds indicate the range in which the predicted flux can lie with the
associated uncertainty in the measured temperature. (d) Predicted temperature using the predicted heat flux for » = 10, which matches well with the measured data.

symbol ~(tilde) while representing the dimensionless variables in the
current section. For a known heat flux ¢q(7), the temperature T(x,7) is
obtained by numerically solving the equations using second-order finite
difference scheme to calculate the spatial derivatives and Runge-Kutta
fourth-order scheme for time integration. The domain was discretized
using 201 equispaced grid points. A fixed time step of 0.01 was used
for time integration. The chosen grid and time-step ensured a converged
solution by comparing the simulation with various analytical solutions.
The inverse problem involves the estimation of the time-varying heat
flux given temperature measurements at a particular location (x = L/4)
at fixed time intervals. The inverse problem is solved for four different
flux profiles: a triangular flux, a step function, a sine—cosine function
of flux, and a triangular-sine function of flux.

We now discuss the results obtained using the triangular heat flux
profile. We represented the prior heat flux ¢(¢) using K-L expansion with
mean (Z(1)) = 0.5 and Gaussian covariance kernel C(¢,,1,) given by
Eq. (13). To represent the prior heat flux ¢(r) using K-L expansion we
first determine the eigenfunctions and eigenvalues appearing in the K-L
expansions. Fig. 3 shows the decay of K-L eigenvalues with increasing n
for triangular heat flux profile with different values of prior correlation
time 7. The eigenvalues decay exponentially fast for larger correlation
time r which shows that large number of K-L modes are required to
obtain accurate solutions for functions with shorter prior correlation
time. For all our simulations, correlation time of = = 0.1 is chosen.

We initially obtained the PCE surrogate model for temperature
based on the prior probability distribution of the heat flux based on
n = 10 K-L modes. We choose the nodes of the Smolyak quadrature
as discussed in Section 2.5.1 as the priors of c,. We construct the
prior heat flux using the priors of ¢,. We obtained the surrogate model
of temperature using second-order PCEs, which consisted of sixty-six

coefficients for representing the flux with n = 10 K-L modes which was
sufficient to obtain the surrogate model. This corresponds to N = 221
simulations.

We now solve the inverse problem to estimate the unknown heat
flux. To simulate the measured temperature data, we performed a
deterministic simulation on a known heat flux which we call as the
true value and added noise to it. Simulated measurement temperature
data at x = 0.25 (considered as the thermocouple location) and at time
intervals of 0.05 are generated by adding Gaussian random noise to the
obtained temperature T. Three different standard deviation values ¢ =
0.001,0.005 and 0.01 are considered to add noise to the corresponding
temperature data. This temperature measurement is considered as the
measured data to estimate the transient heat flux. We performed the
MCMC sampling to obtain the posterior probability distribution of the
estimated values of K-L modes. We used the PCE surrogate model to
obtain the inverse solution using BI.

Fig. 4(a) shows the posterior mean estimate of the heat flux for
varying number of K-L modes n used to represent the heat flux and
the true heat flux. Once we obtained the posterior distribution, we
calculated the posterior mean by taking an average of all the samples.
We observe that n = 10 K-L modes are sufficient to obtain the heat flux.
Fig. 4(b) shows the posterior mean estimate of the heat flux for the
three different standard deviations. The posterior mean estimate is not
sensitive to the value of ¢ which suggests that the statistical information
of measurement noise is not necessary for the point estimate of the
posterior flux. However the probability estimate of the predicted flux,
depends on the measurement noise o. Fig. 4(c) shows the posterior
mean estimate with associated 5% and 95% quantiles of the estimates.
The uncertainty in the predicted flux is highest near the boundaries and
at the peak flux. Fig. 4(d) shows the temperature predicted by using
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Fig. 5. 1-D and 2-D posterior marginals of the K-L mode strengths ¢, and the hyperparameter 6 for the triangular heat flux profile with correlation time r = 0.1 for measurement

noise ¢ = 0.001.
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Fig. 6. Covergence of the flux values obtained from the K-L modes and the variation in accuracy and computational time with increase in the number of K-L modes of the heat
flux. (a) Markov chain convergence of 1 million MCMC samples for two parameters of the flux vector for the triangular heat flux profile. The values converge to the true value.
(b) Variation of the accuracy and computational time with an increase in the dimension of the heat flux represented using the K-L modes. The accuracy increases with an increase
in dimension until the minimum dimension of the K-L modes to reconstruct the heat flux accurately is obtained. The accuracy falls on further increase in dimension of the K-L
modes of the heat flux. As expected, the computational time increases with increase in dimensions.

the posterior mean heat flux at x = 0.25. The predicted temperature
matches the forward model with the measured data. The match be-
tween the measured and predicted temperature shows the applicability
of the fast BI framework to solve IHCP.

Fig. 5 shows the one and two-dimensional posterior marginals of
the hyperparameter 6 and the modes ¢ obtained for the triangular heat
flux profile. Significant correlations are observed between the lower-
indexed modes and between the modes and hyperparameter 6. The

higher indexed modes seem to be uncorrelated and mutually indepen-
dent as observed from their 2-D marginals. The marginal distributions
of ¢7,¢5.¢c9 and ¢y are quite similar in shape with mutually weak
correlations among them.

We now discuss the convergence, computational time and accuracy
of the heat flux obtained using the K-L modes for the triangular heat
flux profile. We show the convergence of the Markov chain for two
values of the heat flux profile corresponding to first and tenth mode
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(a) Posterior mean estimates of heat flux for step function (b) Posterior mean estimates of heat flux for sine-cosine function
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Fig. 7. The prediction of the unknown transient heat flux using the PCE-based BI framework for different flux profiles. (a)-(c) Posterior mean estimate of heat flux for varying
number of terms (n) in K-L expansion for different flux profiles. The posterior transient heat flux matches with the true heat flux and an optimum value is obtained at n = 15 for
step function of flux, at n =35 for sine—cosine function of flux and at n = 15 for triangular-sine function of flux. (d) Predicted temperature using the predicted heat flux for n = 15

for triangular-sine function of flux shown in (c).

when it is represented using n = 10 K-L modes, in Fig. 6(a). After a
given number of samples, convergence is attained, and predicted values
closely match true values. Fig. 6(b) shows the effect of dimension » of
the K-L modes of the heat flux on the accuracy of the estimated poste-
rior and the computational time. Initially, the accuracy increases with
an increase in the dimension since higher dimensions can represent the
heat flux accurately. However, once the minimum number of K-L modes
required to reconstruct the heat flux is obtained, the accuracy falls on
further increase in dimension due to overfitting. Hence, an optimum
dimension to reconstruct the heat flux is required. As expected the
computational time increases with increase in dimension as shown in
Fig. 6(b).

To check the efficiency of the PCE surrogate, the corresponding
Monte Carlo simulations were performed where instead of using the
PCE surrogate to solve the inverse problem, deterministic simulations
were used to solve the forward problem. To compare the two solutions,
simulations with one million sample size of the Markov chain were
performed using the standard Monte Carlo approach to achieve com-
parable accuracy. The same accuracy can be achieved using the two
methods leading to a speed-up factor of 2000 using the PCE surrogate
model.

We now present the results for a few other heat flux profiles such
as step profile, sine—cosine profile, and triangular-sine profile of flux.
All other parameters were same as the IHCP for triangular heat flux.
Figs. 7(a)-(c) show the inverse solution for several heat flux profiles
with varying number of K-L modes. Fig. 7(a) shows a step function of
heat flux. The approach could recover a challenging case of discontinu-
ous function correctly, albeit with some oscillations. The number of K-L
modes required to predict an approximate heat flux is n = 15. Fig. 7(b)
shows a function given by the equation ¢ = (1 + sin(x?) + cos(xt) +
sin(2xt) + cos(2xt) + sin(3x1))/5. Only n = 5 K-L modes are required to
predict the heat flux profile. Fig. 7(c) shows a triangular-sine function

025f '—X—triangular'
02F —e—step function
—0—sine-cosine
0.15¢ =®—triangular-sine
SZ 01
L=
B
0.05
5 10 15 20

number of K-L modes (n)

Fig. 8. The ratio of the norm of differences in posterior mean estimate of heat flux
and the respective true heat flux values to the norm of true heat flux for different heat
flux profiles with varying K-L modes.

of heat flux profile. For the triangular-sine function of heat flux, n = 15
K-L modes are required to predict the profile accurately. The difference
in the number of modes required to predict the profile accurately for
each flux reflects the fact that the number of K-L modes required for
any profile is dependent on the smoothness of the actual flux function
being estimated. Fig. 7(d) shows the predicted temperature obtained
using the posterior mean heat flux for the triangular-sine profile. The
predicted temperature matches well with the measured data.

Fig. 8 shows the ratio of the norm of the difference in posterior mean
estimate of heat flux and the true value of heat flux to the norm of
true heat flux for different heat flux profiles for varying number of K-L
modes. The figure shows the minimum number of K-L modes required
to obtain an accurate flux profile. For the sinusoidal cosine profile of
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(a) Isometric view of a disc brake assembly
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(b) Schematic of the disc
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Fig. 9. Schematic of the disc brake assembly. (a) A disc brake system to show the disc and the pad. The inverse heat conduction problem involve estimating the heat generated
into the disc during the course of braking. (b) Schematic of the disc. The disc pad configuration is symmetrical to the center line so only half of the disc is considered as the
computational domain. ¢(¢) is the boundary heat flux which is the heat dissipated into the disc. r; and r; are the inner and outer disc diameter. r; —r, is the sliding radius of the

disc.
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Fig. 10. Temperature distribution in the disc at = 1 s for the given input heat flux. (a) shows the transient input heat flux into the disc. (b) is the temperature distribution

obtained in the computational domain at r =1 s.

flux, the minimum number of modes required is 5, whereas 10 modes
are required for triangular profile and 15 modes are required for step
function and triangular-sine profile of heat flux. The minimum number
of K-L modes required to obtain an approximate solution of the heat
flux profile depends on the smoothness of the heat flux function. The
smooth heat flux profiles yield a minimum at smaller number of K-L
modes than the non-smooth heat flux profiles.

3.2. Heat flux estimation in 2D heat conduction

In this model problem, we estimate the time-dependent heat flux
in a disc brake system using temperature measurements at a particular
location in the disc. Fig. 9(a) shows an isometric view of a disc brake
system, while the schematic of the heat transfer problem of the disc
is shown in Fig. 9(b). During the braking process, frictional heat is
generated at the disc pad interface which is then dissipated into the
disc and pad. The dissipated heat is considered as the boundary heat
flux into the disc and is to be estimated. We model the transient heat
conduction in the disc using the following governing equations and
boundary and initial conditions.

19 T (r, z,1) 0 |, 0T(r,z1) oT(r,z,1) .
LR PRI BN PR ALILE P LiL <r<r,
ror [ or dz[ 0z ] P o mon<r<r
0<z<zy, t>0,

(39)
—k%=h[Tw—T(r,z,t)], at r=r, 0<z<z,, >0, (40)

10

REED T~ 120l at r=r, 0<z<zm, 150, (41)
k—aT(g’zz’t) =0, at z=0, r<r<ry;, t>0, 42)
kaT(g,ZZ, N _ Ty —T(r,z,0], at z=2z,, r <r<ry, t>0, (43)
kaT((;,Zz,t) —gW), at z=z, m<r<r, 10, (44)
T(nz,00=Ty, for ri<r<ry, 0<z<z, 1=0, “5)

In Eq. (44), q(¢) is the frictional heat flux into the disc. Here, we have
assumed a uniform wear contact, and hence the heat flux is only a
function of time and independent of r. Also, since the disc brake system
is symmetrical to the centerline z = 0, we consider only half of the
disc as the computational domain. The temperature gradient in the
tangential direction is neglected due to the very fast rotation of the
disc during the braking process. The values of k, p, ¢ and h were taken
as 76.2 W m~! K-1, 7870 kg m~3, 440 J kg~! K~1, and 60 W m~2 K~!
respectively. The ambient temperature was taken as 7, = 293.15 K, and
the initial temperature of the disc was considered as 7;, = 313.15 K.
The temperature distribution of direct solution using the triangular
function of heat flux is shown in Fig. 10. The numerical procedure
used in this problem is based on the finite-element method with linear
shape functions on structured mesh and backward difference formula
(BDF) based time integration. The grid-independence test and time-
step-interval independent solutions were performed on the model using
the implicit time stepping scheme. To solve the inverse problem, the
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(b) Predicted temperature
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Fig. 11. Prediction of the unknown transient heat flux using the PCE-based BI framework for the disc brake system. (a) The posterior mean estimate of heat flux by assuming the
prior heat flux with n =5 and »n = 10 K-L modes. (b) Predicted temperature obtained using the predicted heat flux for n = 10 K-L modes, which matches well with the measured

data.
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Fig. 12. Geometry of the rocket module. The configuration is symmetrical to the center
line so only half of the geometry is considered as the computational domain. The
dimensions are in mm.
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Fig. 13. Physical model of rocket module showing the boundary conditions and the
temperature distribution for a constant heat flux ¢ = 2000 W m~2 and at = 400 s.

heat flux into the disc during a braking process is considered unknown
and is estimated. To get the measured temperature data to solve the
inverse problem, we performed a deterministic simulation on a prior
known function of heat flux which we call true value. We used the
temperature at r, = 68 mm, z, = 2.2 mm and added Gaussian random
noise with ¢ = 0.2 to mimic measurement errors. Using the temperature
measurements, we predict the unknown K-L modes c; of the flux profile
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using the fast BI framework. The correlation time z = 0.1 was used
for all the simulations. A uniform prior of ¢ = 5 x 105 W m~! was
used to obtain the surrogate model. We obtained the surrogate model
of temperature using second-order PCEs, which consisted of sixty-six
coefficients for representing the heat flux with n = 10 K-L modes
which was sufficient to obtain the surrogate model. This corresponds to
N =221 deterministic simulations of the disc brake system. These 221
deterministic simulations required 20 min. The posterior distributions
of the modes are estimated with long Markov chains of one million
samples which are enough for sampling from the converged posterior.
These one million samples were obtained in 55 s using the surrogate PC
model which is very much computationally efficient in comparison to
the forward runs. All simulations were performed on Intel i5 3.2 GHz,
12 GB RAM personal computer.

Fig. 11(a) shows the prior mean estimate of heat flux and the true
heat flux. Fig. 11(a) also shows the posterior mean estimate obtained
using the PCE surrogate by discretizing the prior heat flux using n =5
and n = 10 K-L modes. The posterior mean estimate of heat flux ob-
tained using the PCE surrogate is in good agreement with the true heat
flux profile. The results show that heat flux can be accurately predicted
using the proposed framework for realistic problems. Fig. 11(b) shows
the predicted temperature obtained using the posterior mean heat flux.
The match between the measured and predicted temperatures shows
the efficacy of the fast BI framework to solve IHCPs.

4. Heat flux estimation in three-dimensional sounding rocket
module

In this model problem, we solve an inverse heat conduction problem
to estimate the transient heat flux on the surface of a three-dimensional
sounding rocket module using the recorded temperature profile inside
the rocket shell. The rocket body is made up of aluminium which
consists of a thick bulkhead with a hole attached to a cylindrical
rocket. This bulkhead is centered around a REXUS sounding rocket. The
geometry has been adopted from Dabrowski et al. [38] and is depicted
in Fig. 12. We model the transient heat conduction in the rocket module
using the three-dimensional heat conduction equation given by Eq. (1).
The values of k, p and c, are 130 W m~! K1, 960 J kg~! K1,
and 2810 kg m~3, respectively. A heat flux q is present at the outer
surface as shown in Fig. 13. The inner surface is exposed to convection
with a convective heat transfer coefficient 4 = 5 W m~2 K~!. Since
it is anticipated that other rocket modules comparable to the one
being described are positioned above and below it, we used adiabatic
boundary conditions on the top and bottom surfaces as shown in
Fig. 13. The ambient temperature was taken as 7,, = 283.15 K and
the initial temperature of the rocket surface was considered as T, =
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Fig. 14. Prediction of the unknown transient heat flux using the PCE-based BI framework for the rocket module. (a) The posterior mean estimate of heat flux by assuming the
prior heat flux with n =5 and n = 10 K-L modes. (b) Predicted temperature obtained using the predicted heat flux for » = 10 K-L modes, which matches well with the measured

data.

283.15 K. The finite-element method on unstructured mesh and back-
ward difference formula-based time integration are used to solve this
problem numerically. With the implicit time-stepping scheme, the grid
independence and time-step interval independent tests were done on
the model. COMSOL Multiphysics 5.5 was used to do the calculations,
and the material properties were based on the properties of A17075. The
simulation was performed for 400 s, and simulation data was saved at
a time interval of 1 s. To illustrate the forward problem in Fig. 13, we
show the temperature prediction for a case with a constant heat flux
g =2000 W m~2 and at t = 400 s.

To solve the inverse problem, the heat flux on the outer surface
of the module is considered unknown and is estimated. To get the
measured temperature data to solve the inverse problem, we performed
a deterministic simulation using a triangular-shaped heat flux function
which we call as the true value as shown in Fig. 14(a). We used the
temperature at time intervals of 10 s at x = 124, y =20 and z = 121 mm.
The noisy measured data with ¢ = 0.5 to mimic measurement errors
is also shown in Fig. 14(a). Using the temperature measurements, we
predicted the unknown K-L modes ¢, of the flux profile using the fast
BI framework described in Section 2. The correlation time 7 = 40 s was
used for all the simulations. A uniform prior of ¢ = 2000 W m~2 was
used to obtain the surrogate model. We obtained the surrogate model
of temperature using second-order PCEs, which consisted of sixty-six
coefficients for representing the heat flux with n = 10 K-L modes. This
corresponds to N = 21 deterministic simulations of the rocket module.
The accuracy of the surrogate model was checked by taking more
number of deterministic simulations than N = 21. The 21 deterministic
forward simulations, which required total 24 min of computational
time, were sufficient to obtain an accurate PCE surrogate.

Fig. 14(a) also shows the posterior mean estimate obtained for the
triangular heat flux profile using the PCE surrogate by discretizing the
prior heat flux using n = 5 and n = 10 K-L modes. The posterior
mean estimate of heat flux obtained using the PCE surrogate is in
good agreement with the true heat flux profile. The results show that
heat flux can be accurately predicted using the proposed framework
for realistic problems. The prediction of the posterior distributions of
the K-L modes of the heat flux using BI typically requires long Markov
chains with millions of samples since they allow for accurate sampling
from the converged posterior. Using a surrogate PC model, which
is far more computationally efficient than forward runs, these one
million samples were collected in 2.4 min which would have required
many days to run using the full forward model. Fig. 14(b) shows the
predicted temperature obtained using the posterior mean heat flux. The
match between the measured and predicted temperatures for the three-
dimensional problem shows the efficacy of the fast BI framework to
solve IHCPs irrespective of the size and geometry of the problem.
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5. Conclusion

We have demonstrated a computationally-efficient Bayesian ap-
proach to inverse problems to determine the unknown time-dependent
heat flux into inverse heat conduction problems, knowing the tem-
perature history at certain measurement locations. A dimensionality
reduction technique is introduced in which the unknown heat flux is
represented in the form of Karhunen-Loeve expansion to parametrize it
with fewer degrees of freedom. The use of polynomial chaos expansions
as a surrogate model for efficient uncertainty propagation accelerates
Bayesian inference in computationally intensive inverse problems. We
have shown that using the PCE of model predictions as a surrogate
for the forward model significantly reduces the cost of likelihood
evaluations, thereby accelerating the solution of the inverse problem
using Bayesian inference.

As an application of this method, we have demonstrated three
model problems. In the first problem, transient heat flux is estimated
in a one-dimensional heat conduction model. The method provides not
only a point estimate of the unknown heat flux but also an estimate of
the uncertainty bounds in the estimated heat flux. We predicted several
profiles of the transient heat flux, which represented varying degrees
of smoothness and different scales of transient variation. In the second
problem, the method is successfully applied to obtain the solution of
the inverse problem to determine the unknown time-dependent heat
flux into the disc during a braking process, taking into account the
temperature history at some measurement locations. The third problem
involves a three-dimensional sounding rocket system to estimate the
surface heat flux using temperature measurements inside the rocket
shell. The results obtained confirm that the proposed method can ac-
curately estimate the transient heat flux of realistic models irrespective
of the size and geometry of the model, and temperature distributions
can be obtained using the predicted flux. The proposed method gives
accurate estimated values with few measurement data and can be
computationally efficient for large and complex models.

The polynomial chaos approach in a Bayesian inference framework
could be extended to more complex three-dimensional inverse problems
by taking the spatial variation of heat flux. A more advanced form
of the proposed methodology can be performed by assuming the cor-
relation time as unknown and predicting it using Bayesian inference.
We can infer the correlation time by considering it as an additional
hyperparameter. We plan to further explore the framework to study
the challenges of spectral uncertainty propagation in spatio-temporal
inverse problems.
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