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Transient electrokinetic (EK) flows involve the
transport of conductivity gradients developed as a
result of mixing of ionic species in the fluid, which
in turn is affected by the electric field applied across
the channel. The presence of three different coupled
equations with corresponding different time scales
makes it difficult to model the problem using the
lattice Boltzmann method (LBM). The present work
aims to develop a hybrid LBM and finite difference
method (FDM)-based model which can be used
to study the electro-osmotic flows (EOFs) and the
onset of EK instabilities using an Ohmic model,
where fluid and conductivity transport are solved
using LBM and the electric field is solved using
FDM. The model developed will be used to simulate
three different problems: (i) EOF with varying zeta-
potential on the wall, (ii) similitude in EOF, and (iii)
EK instabilities due to the presence of conductivity
gradients. Problems (i) and (ii) will be compared
with the analytical results and problem (iii) will be
compared with the simulations of a spectral method-
based numerical model. The results obtained from
the present simulations will show that the developed
model is capable of studying transient EK flows and
of predicting the onset of instability.
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1. Introduction

Electric field-driven fluid flows are widely used in microfluidic systems for pumping fluids [1-3]
and for solute transport [4,5]. These flows result when the free charge in fluid couples with an
externally applied electric field to apply an electric body force on the fluid. Such coupling of free
charge and electric field occurs in the electric double layer (EDL) that forms in an electrolyte near
a charged microchannel surface and drives an electro-osmotic flow (EOF) [1]. However, compared
with the characteristic length scale of 10 wm or greater of a typical microchannel flow, the typical
thickness of an EDL is a few tens of nanometres. In contrast to such a charge accumulation in the
EDL near a solid surface, a free charge can also occur in the bulk solution when an electric field is
applied through an electrolyte with a gradient in electrical conductivity [6]. On the application of
an external electric field, these free charges drive the bulk flow. Such flow phenomena are caused
by the balance between electric and viscous forces and are termed electroviscous flow. When the
applied electric field is beyond a critical value, instabilities arise in the flow. Such instabilities are
called electrohydrodynamic (EHD) instabilities [6-8]. In microfluidic systems, EHD instabilities
are invariably coupled with EOF, and the resulting instabilities are termed electrokinetic (EK)
instabilities [9-12].

EK flows in microfluidic systems can range from simple one-dimensional steady flows, such as
plug-shaped EOF in a straight channel, to chaotic multi-dimensional EK instabilities [13]. While
analytical solutions exist for steady EK flows in simplified geometries, the analysis of steady and
unsteady EK flows in complex geometries requires numerical simulations. Examples of steady
multi-dimensional EK flows include EOF at the junction of a microfluidic network [14] and EOF
due to an axially varying surface charge [4]. On the other hand, examples of unsteady multi-
dimensional EK flows include EK instability in a micromixer [12,15,16] and instability due to
the conductivity gradient in electrophoresis [17-19]. Because of the complex nature of such flows,
experimental measurements of local electric field and pressure distribution are not possible within
a microchannel. Moreover, the accuracy of flow measurement techniques such as micro-particle
image velocimetry is limited for EK flows because of the inconsistent electrophoretic mobility of
seeding particles [20]. Hence, numerical simulations are inevitable in understanding EK flows.

Multi-dimensional simulations of EOF were first performed by Patankar & Hu [14]. They
presented steady, three-dimensional (3D) simulations of EOF in a cross-channel geometry. These
simulations were based on a finite volume scheme with a semi-implicit method for pressure-
linked equations revised (SIMPLER) algorithm. Since then, a variety of simulations of EOF in
microfluidic devices based on conventional computational fluid dynamics (CFD) techniques have
been reported [21-23]. However, these simulation studies did not involve EK instabilities that
arise from the interaction between conductivity gradients and an electric field. Lin et al. [9]
were the first to present unsteady, two-dimensional (2D) numerical simulations of EK instability,
wherein the coupled effects of electro-osmotic and electroviscous flows were accounted for. Lin
et al. used a pseudo-spectral method to simulate EK instability with an orthogonal conductivity
gradient and electric field. Thereafter, Storey [24] and Santos & Storey [19] extended this
model to three dimensions to simulate EK instabilities in various flow configurations. Unsteady
simulations of EK instability in cross-shaped microchannels have also been presented by Luo [25]
and Li ef al. [26] using the finite difference method (FDM).

The majority of the previous studies on simulations of EK flows are based on solving the
continuum governing equations using conventional CFD techniques such as finite difference,
finite element, finite volume and spectral methods. Attempts to simulate EK flows using the
lattice Boltzmann method (LBM) have also been reported in the literature [27-31]. LBM is
an upcoming CFD tool, with the benefits of easy implementation of parallel computing and
boundary conditions (BCs) and hassle-free treatment of nonlinear terms [32-34]. These features
make LBM a competitive simulation tool for complicated nonlinear problems such as micro-
scale unsteady EK flows. Hlushkou et al. [27] used LBM to solve fluid transport equations for
3D EOF in porous media, while the Nernst-Planck equations for species conservation [1] and
the Poisson equation for electric potential were solved using the FDM. Wang & Kang [29] and
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Yoshida et al. [30] presented simulations of EOF using LBM for all the governing equations, which
include the Navier-Stokes, Poisson and Nernst-Planck equations. While simulations by Wang &
Kang [29] were limited to steady EOF, Yoshida et al. [30] presented simulations of transient EOF.
All numerical studies on electric field-driven flows using LBM are limited only to EOF. Until now
the use of LBM has not been demonstrated for simulating complex, unsteady EK instabilities that
arise from the coupling of conductivity gradients and an electric field in a bulk solution.

In the present work, we develop a hybrid model based on LBM and FDM to study transient EK
flows with homogeneous and heterogeneous conductivity. Unlike Wang & Kang [29] and Yoshida
et al. [30], we solve equations for the Ohmic model [12] under thin EDL conditions to simulate
transient EK flows instead of the Poisson-Nernst-Planck equations. The advantage of the Ohmic
model lies in the reduction of the computational cost when the electrolyte consists of single
anionic and cationic species. Such a binary-electrolyte model has also been used for predicting
electrodeposition [35,36]. The Ohmic model equations involve the Navier—Stokes equation with
an electric body force to solve fluid transport, an advection-diffusion-based equation to solve for
the conductivity field and a steady Ohm’s law to solve for the electric potential. Compared with
previous LBM-based advection—diffusion equations [37-40], the present problem is challenging
because of significantly different time scales for fluid and conductivity transport. Such a difference
in time scales puts a constraint on the non-dimensional relaxation time while modelling unsteady
EK flows using LBM on the same lattice. A further complication arises from the coupling of the
fluid and conductivity equations through the convective terms.

The numerical model that we present here resolves the aforementioned issue of widely
different time scales involved in unsteady EK flows. We hybridize our model by solving fluid
and conductivity transport using LBM and Ohm’s law using FDM on the same lattice. The
Poisson equation, being a time-independent equation, can be solved efficiently using a steady-
state FDM approach rather than the transient LBM approach. Such a hybridization of schemes has
been reported for coupled nonlinear simulations and is often applied for problems with a large
difference in length scales, as in aerodynamics and climate science, to increase computational
efficiency [41-44]. Also, at the micro-scale, hybrid schemes have been successfully applied for
problems like emulsification and heat transfer with surfactants [45-47].

This article is organized as follows. In §2, we review the governing equations for unsteady
EK flows. In §3, we present the numerical method along with the algorithm. Finally, in §4, we
present the results obtained from our hybrid numerical scheme and verify them with analytical
and numerical solutions available in the literature.

2. Mathematical formulation and boundary condition

Equations governing EK flows are well discussed by many authors [9,11,24,29]. Lin ef al. [9]
have elaborated the transformation of Ohm’s law (equation (2.3)) and conductivity transport
(equation (2.4)) from simplified ion-transport equations considering a symmetric binary
electrolyte. They further assumed a thin EDL and electroneutrality of the bulk to derive the
non-dimensional form of the governing equations [48]. We present the dimensionless form of
the governing equations for the present numerical scheme as

V.u=0, (2.1)
R 0
. <£ +u. Vu> = —Vp+ VZu+ V2pVg, (22)
Sc \ ot
V.(0V$)=0 23)
9 1
and ET(; +u.Vo = R—aevzo. (2.4)

In these equations, u, p, ¢ and o represent the dimensionless velocity, pressure, electric
potential and electrical conductivity, respectively. Ra, and Sc are the electric Rayleigh number
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and Schmidt number, respectively, and are expressed as a ratio of two time scales as

E2H?
Rap= 4 — a (2.50)
Tev leDeff
and . u
d
=l , (2.5b)
Ty pDegt

where E; and H are the scaling parameters for the electric field and length, respectively. €, i, p
and D¢ denote the absolute permittivity, dynamic viscosity, density of solution and effective
diffusivity of the ionic species, respectively. 74, tey and 7, are the time scales for molecular
diffusion, electroviscous convection and momentum diffusion, respectively. Another time scale,
Teo, is associated with electro-osmotic transport. These time scales have the mathematical form of

T, = LHZ’ (2.6a)
uw
= g;, (2.6b)
Teo = Uieo - e’zi (2.60)
and Toy = uiev - % (2.6d)

where ¢ represents the wall ¢-potential. The electroviscous velocity (Uey) and electro-osmotic
velocity (Ueo) are the scaling parameters for fluid velocity for the cases of EK instability and EOF,
respectively, and are defined as

E2H
Upy = S (2.7a)
I
and E
Uy = — 550 (2.7b)
%

For electroviscous cases, Re (Reynolds number) and R, are two other non-dimensional numbers
that govern EK transport and can be mathematically written as

E2[?
Re= 2 = Pa (2.80)
Tev 1%
and EH
R, = 0 — _Za (2.8b)
Tev ¢

For electro-osmotic transport, Re is given as the ratio of 7, to teo

E.H
Re= DL - Lo 2.9)
Teo 123

While the equations for fluid transport (equations (2.1)—(2.2)) are accompanied by a no-slip
condition on solid walls for EHD cases as

u.zAfH :0, (2~10)

in EK instability, we assume electro-osmotic slip on solid walls, which is tangential to the wall.
This slip velocity is given as

N 1 N
u.ty=—"<¢E.f. (2.11)
v

Here, E represents the electric field at the boundary. Normal velocity vanishes at solid, non-porous
boundaries and can be mathematically written as

u.ng; =0. (2.12)
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Figure 1. Number convention used for lattice velocity directions for the D2Q9 velocity models used in this article.

BCs for electric potential (equation (2.3)) and electrical conductivity (equation (2.4)) are
prescribed [9] as
Vi =0 (2.13)

and
Vo iy =0. (2.14)

Here, f| and 71, are unit vectors pointing to the tangential and normal directions with respect
to the wall, respectively. The assumption that the solid surface is non-conductive and hence
the potential gradient is absent at the solid-liquid interface is represented by equation (2.13).
Similarly, equation (2.14) indicates that there is no ion diffusion across the boundaries and,
therefore, the conductivity gradient is absent at the solid surface [48]. More detailed information
on BCs can be found in Lin et al. [9] and Santos & Storey [19].

3. Numerical method

In this study, we employ a fully coupled hybrid lattice Boltzmann—finite difference (LB-FD)
method-based scheme to solve the governing equations in the modified binary electrolyte model
provided by Lin et al. [9,49]. We solve fluid (equations (2.1) and (2.2)) and electrical conductivity
(equation (2.4)) transport equations in LBM. Ohm’s law (equation (2.3)) has the form of a Poisson
equation where the source term is a function of the dependent variable itself. For such an
equation, we apply a second-order central difference scheme to discretize and a successive over-
relaxation (SOR) scheme to solve the discrete equation. LBM has been extensively used as a tool to
simulate fluid and similar transport equations at the mesoscale [39,46,47,50]. Unlike conventional
CFD, it solves the mesoscale Boltzmann equations to obtain macroscopic variables such as fluid
density, velocity, temperature, ion concentration and other properties by tracking the distribution
functions of species packets on lattices. In our 2D simulations, we use the D2Q9 scheme (figure 1)
for lattice velocity directions. In the rest of this section, we shall discuss the evolution equations
needed to solve equations (2.1), (2.2) and (2.4) in LBM; discretization and the scheme used in FDM
for equation (2.3); the formulation of BCs in LBM; and the algorithm of the proposed numerical
model.

(a) Evolution equations

Partial differential equations like Navier-Stokes equations and advection-diffusion equations can
be recovered from discrete Boltzmann equations through several schemes in LBM [32,33], such as
the multi-relaxation time (MRT), two-relaxation time, entropic LBM and single relaxation time
(SRT) [51]. While SRT-LBM, also known as the single collision model or BGK model, is known
to have stability issues for high Mach number flows, it provides simplicity and computational
efficiency. Moreover, the BGK model provides satisfactory performance for the instability physics
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within the onset regime. Hence we consider SRT-LBM to solve fluid and electrical conductivity
transport equations. In this work, we solve all the governing equations on the same set of lattices
or grids.

(i) Evolution equation for fluid transport

The evolution equation for incompressible, laminar flow with an external force has the
form [32,33]

fa(x + caAty, £+ Atp) =fa(x, 1) —

eq
fl ) —fa (B Faty, (3.1)
f

where fa, X, ¢,, At and 77 denote the packet distribution function in the direction of 4, the position
vector, the discrete lattice velocity in the direction of 4, the lattice time step for fluid evolution and
the dimensionless relaxation time, respectively. F, denotes the external force in the direction of a.
In the D2Q9 model, the discrete velocities are

010 -1 0 1 -1 -1 1
[COI C1,€2,€3,¢4,C5,C6,C7, CS] = |:0 0 1 0 1 1 1 1 1i| (32)
The equilibrium distribution function f; ! for fluid flow [32] is defined as
i 2 2
eq _ G.u  9(c.u) 3u
fa (x/t)—a)ﬂp(x/ t) 1 +3 C2 E C4 - ECT ’ (33)
with 1
-  f =0,
g for a
1
R for a=1-4, (3.4)
1
% for a=5-8.

Here, c represents the lattice speed and is defined as c = Ax/ Aty, where Ax is the lattice distance.
For simplicity, Ax and Aty are considered as unity in lattice units for fluid transport, thus leading
toc=1

The relaxation time for the fluid evolution equation is calculated from the fluid viscosity in
lattice units by

7 =3v+ 1. (3.5)

We consider the value of the relaxation time to be 1/2 < 7y <2 owing to the stability criteria for
LBM [32]. We choose the value of 77 accordingly, considering the coupling with the electrical
conductivity transport equation. For EK flows in a microchannel, the force term due to the
application of an external electric field in the discrete LB equation [29,33,37] is given as

3peE -« (cq —
_ B (G m W eq (3.6)
oc

where p, u, E and p, are the macroscopic density, velocity, electric field and charge density,
respectively, in lattice units. From the population distribution considering the low Mach number
limit, the macroscopic variables density and velocity are recovered as

0= Zf“ (3.7)

Fq

and

u= % > cofa. (3.8)

a
(ii) Evolution equation for electrical conductivity transport

Electrical conductivity transport (equation (2.4)) is an advection—diffusion equation similar to
energy transport. Solutions for such scalar transport equations using LBM have been reported
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in [37,51]. Hence we follow a similar procedure to solve the conductivity transport equation (see
the electronic supplementary material for a Chapman—-Enskog analysis of the discrete LBE). The
evolution equation to solve the electrical conductivity transport equation has the form
©q
X, t) — X, t
S+ oo b+ Ake) = gax, £y — 2D =80 (D), (39)
D

where discrete velocities (c;) are the same as discussed in fluid evolution. g, represents the
distribution function for electrical conductivity. At denotes the lattice time step for conductivity
transport and is considered unity for simplicity. The relaxation time zp,, for this equation is
calculated using

™Dy = 3Dett + % (3.10)

We follow the same convention as discussed in fluid evolution and choose the value of the
relaxation time as 1/2 < tp_, <2 owing to the stability criterion. Because of the difference in time
scale between fluid and conductivity transport, such a value of the relaxation parameter results in
higher diffusion, leading to stability of the scheme. However, such a diffusion is not high enough
to alter the physics of the EK instability itself. The expression for the equilibrium distribution
function g, for electrical conductivity is assumed to be the same as that used in LBM for energy
transport [33] and can be written as

8o (%, 1) = a0 (x, 1) [1 +3 CacTu] , (3.11)

where the weight function w, in g, is the same as discussed in fluid evolution. Under a low Mach
number limit, such a linear relation of g, is sufficient to recover the macroscopic scalar property
from the population distribution [51]. The lattice speed c = Ax/At. =1 considering Af. as unity
in lattice units for conductivity transport. Similar to fluid evolution, the macroscopic electrical
conductivity is recovered from

=3 g (3.12)

(iiii) Evolution equation for Ohm's law
Expanding the equation for Ohm’s law (equation (2.3)), we get
oV2¢ 4+ Vo . Vg =0. (3.13)

Discretization using a second-order central difference scheme of this equation for 2D models
yields

Git1j — 20 + di-1j N Gij+1 — 20ij + dij-1
Ax? Ay?

0it1j — 0i-1j Pir1j —Pi-1j | Oij+1 —0ij-1 Pijr1— bij1]| 0 (3.14)
2Ax ) 2Ax 2Ay ) 2Ay e ’
In explicit form assuming Ax = Ay =1, we obtain
1
bij =7 [Gi1j+ bi1j+ dijr1 + dij1]
1
t o (0141 — 0i—1,)(¢i41j — Bi-1,) + (0141 — 03j—1)(Dij41 — bij-1)]- (3.15)
L]
From equation (3.15), we calculate ¢ using a SOR scheme [52] as
¢j§j+1 =1 —w)gf; + zu¢jf].+1', (3.16)

where w represents the relaxation factor, and k and k + 1 are the previous and present iteration
steps, respectively.
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(b) Implementation of boundary conditions
(i) Boundary treatment for fluid transport

For simulations of EOF, the fluid evolution equation (equation (3.1)) is accompanied by a slip
velocity tangential to the solid boundary. We consider zero velocity in the wall-normal direction
and apply the Neumann BC on a solid wall for the fluid evolution equation (equation (3.1)) [32].
To calculate unknown distributions at a solid wall from the prescribed velocities and known
local distribution functions an on-grid approach prescribed by Zou & He [53] has been adopted.
Considering a horizontal bottom wall in a flow between parallel plates, for example, the
populations f1, f3, f1, f7 and fg are known from the previous streaming step. The unknown
distributions f>, fs and f¢ are calculated as

= _ﬂ’ (3.17a)
w

v=0, (3.17b)
p=fot+fitfz+2xfa+f7+f), (3.17¢)
fo=fa+ %pv, (3.17d)

1 1 1
f5=fr =5 —f) + spout cpv (3.17¢)
and fo=fs + %(fl —f3) - %pu + %pv, (3.17f)

where E, is the tangential component of the electric field at the wall in the lattice unit. u and
v represent the tangential and normal components of the velocity at the wall in the lattice unit,
respectively.

(i) Boundary treatment for electrical conductivity transport

We prescribe a no-flux BC on solid walls for the electrical conductivity transport equation
(equation (3.9)), similar to that used in LBM for scalar transport problems [33,38,40]. To apply a
no-flux condition in LBM, we equate all the distributions except fp on a solid node to the adjacent
fluid node. For example, if we consider nodes (i,0) and (i,j + 1) on the horizontal bottom and top
walls, respectively, BCs are applied as

8a(i,0)=ga(i, 1) (3.18a)
and
8a(i,j +1)=ga(i, ), (3.18D)

wherea=1,2,...,8.

(iii) Boundary treatment for Ohm'’s law

In FDM, a no-flux BC is applied by equating the variable value from the computational domain to
the boundary [52]. Considering a solid wall at y =0, and y =j + 1, BCs are applied on the bottom
and top wall, respectively, as

#(i,0)=¢(,1) (3.19a)
and

G, j+1)=¢0,)). (3.19b)

(c) Algorithm for the present numerical model

The discretized equations (equations (3.1), (3.9) and (3.15)) are coupled together, and each
problem involves different time scales. As previously mentioned, for simplicity, the lattice

CTH00T07 :9Lb ¥ 705y 20ig edsy/jeunol/BioBuiysiqndiraposiefos



/ initial condition /
]
|solve fluid transport at each time step Atf |<—
yes

R =T

|solve electrical conductivity transport equation at each time step Atc|
—>| solve Ohmic current conservation equation |<—

yes
output result
/ /

yes

Figure 2. Algorithm for the present model.

distance (Ax) and lattice time-step (At) have been assumed to have unity. Physical units (e.g.
kg, m, sec, A) are scaled to lattice units in such a way that the condition 1/2 < 7y <2 is satisfied.
For example, the kinematic viscosity of value 107® m2s~! is converted to value 0.4 in lattice
units, which in turn gives a relaxation time of 1.7 using equation (3.5) (refer to the electronic
supplementary material). Similar steps are followed for the conductivity equation.

Figure 2 illustrates the algorithm for the present hybrid numerical model. The three differential
equations simultaneously solved in this article have different time scales. While Ohm’s law
(equation (2.3)) is a steady-state equation, the ratio of time scales for the fluid transport equation
(equation (2.2)), 7, to the electrical conductivity transport equation (equation (2.4)), 74, is of
the order of 1073. To resolve this anomaly in time scales, N number of time iterations for the
fluid evolution equation are performed (equation (3.1)) for each time iteration of the electrical
conductivity evolution equation (equation (3.9)), where N = At./Ats is a positive integer and
Atc and Aty are in physical units (refer to the electronic supplementary material for typical
values of N). We perform spatial iterations for the discrete Ohmic equation (equation (3.15)) at
each time step of the fluid evolution equation.

In the present simulations, the first fluid evolution equation (equation (3.1)) is solved using
the initial condition to obtain the velocities. Since the fluid and electrical conductivity evolution
equations use different lattice time units, these velocities are converted to lattice units for electrical
conductivity. Then these velocity values are used to solve the electrical conductivity evolution
equation (equation (3.9)) to obtain the values of electrical conductivity in the domain. Ohm’s
law is coupled with the conductivity equation through electrical conductivity and uses the same
lattice units as that of electrical conductivity. By solving the discretized form of Ohm’s law
(equation (3.15)), we obtain the electric potential. The governing equation for fluid flow is coupled
to Ohm’s law through the electric body force. Hence, the values of electric potential are converted
to lattice units for fluid evolution, which are then used to calculate the force term in the fluid
evolution equation.

4. Validation and discussion

To validate our numerical model, we present simulations of various EK flow problems and
compare the results obtained with analytical and numerical solutions available in the literature.
First, we consider the case of EOF with sinusoidal variation in the ¢-potential at the microchannel

CTH00T07 :9Lb ¥ 705y 20ig edsy/jeunol/BioBuiysiqndiraposiefos



—_— ¢=¢ f)
Z Z Z Z Z Z Z Z Z Z Z Z Z Z )
Y slip flow
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............................... >
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L

Figure 3. Schematic for EOF with variable ¢ -potential. Slip flow is assumed at the solid wall. In these simulations, we assume
sinusoidal variation of the charge density at the wall, which creates a sinusoidal ¢ -potential at the wall. h =25 um, L =
500 jum, gh = 0.314.

wall. A solution to such problems can be obtained analytically [54,55]. Thereafter, we show the
similitude between electric field lines and streamlines in EOF in a cross-channel geometry [56].
Finally, we simulate EK instability in a flow configuration wherein the electric field is applied
along an interface separating two electro-osmotically driven fluid streams with different
conductivities. The results of these simulations are compared with the DNS by Lin et al. [9]. For
all our simulations, we assume density (p), kinematic viscosity (v) and electrical permittivity (¢)
of the solution to be 1000 kg m3,107°m?s ! and 6.93 x 10"10°CVm, respectively.

(a) Electro-osmotic flow with variable zeta-potential

First, we consider a 2D, steady EOF with uniform conductivity between two parallel walls placed
at y==+h/2 with an axially varying ¢-potential, as illustrated in figure 3. Since we consider a
fluid stream with uniform conductivity, there is no electric body force in the bulk. For all the
cases, gh =0.314, where g =2x/L and h =25 pm. Further, the flow is considered periodic along
the stream-wise direction. The ¢-potential at the walls varies as ¢ (x) = {of(x) at the top wall and
¢(x) = ¢og(x) at the bottom wall, where ¢y = —0.07 V. An electric field of 20 000Vm~!is applied
along the axial direction.

For the first case, the ¢-potential at the walls varies as ¢ (x) = ¢y sin(qx) at y = £h/2. In figure 44,
we plot the stream function using the simulation results and analytical results, and we find
that the sinusoidal variation of the ¢-potential induces an alternating electro-osmotic slip at the
boundary, which results in convective rolls [54]. We further observe that, while the variations
in the ¢-potential at both walls are in phase, both eddies at a cross-section rotate opposite to
each other in order to satisfy mass conservation. We quantified the deviation in stream function
between the analytical solution and that obtained from our numerical model using the L, norm
and found the error to be 1.1%.

Figure 4b shows the streamlines for another case, where the modular wave with a phase
difference /2 between the top and bottom boundary is simulated. For this simulation, we
consider ¢(x) =—¢psin(gx) at y=—h/2 and ¢(x) = ¢ocos(gx) at y =+h/2. Other parameters are
the same as in the first case. As the phase difference increases gradually, the position of the
convective rolls shifts. For phase shift 7, the eddies merge and form a straight single roll [54].
We observe similar gradual unification of rolls in figure 4b when the phase difference is /2. The
error in the stream function that is evaluated for this problem using the same method as before
is 8.8%. Such a relatively large deviation compared with the previous case can be contributed to
the numerical error involved in the calculation of the stream function using the finite difference
approximation. However, the smallness of the estimated errors for both cases indicates that our
scheme can simulate such problems with expected accuracy.
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Figure 4. Streamlines from an analytical solution and simulation in jum? s, Solid black and dashed red lines represent
the simulation and analytical results, respectively. (a) gh = 0.314, ¢ (x) = & sin(gx) aty = £h/2; (b) gh = 0314, £ (x) =
—&osin(gx) aty = —h/2and ¢ (x) = &ycos(gx) aty = +h/2. (Online version in colour.)

(b) Similitude of streamlines and electric field lines

The streamlines in steady EOF are known to be similar to the electric field lines provided:
homogeneous fluid properties with uniform conductivity and uniform ¢-potential at the
microchannel walls. Here, we simulate a 2D steady EOF of a uniform conductivity electrolyte
in a cross-channel geometry with closed side-inlets. Unlike the previous problem with variable
¢-potential, an analytical solution for such a flow is unavailable owing to complex geometry and
BCs. Figure 5 shows the schematic of the problem. This case is similar to the experiments of
Devasenathipathy et al. [56] and satisfies the aforementioned conditions for similitude between
the electric field and streamlines. The width (k) and length (L) of the channel are 120 and 1000 um,
respectively. The EOF is driven by an electric field that is applied by maintaining a constant
electric potential of 15V at the bottom inlet of the vertical channel and a potential of 7.5V at the
left and right ends of the horizontal channel. The outlet of the vertical channel is maintained at
zero potential. The inlet and outlet of the vertical channel are assumed to be at the same pressure.
Because the electric field is normal to the left and right walls of the horizontal channel, there
is no tangential EOF on these walls. Hence we assume a no-slip condition at the left and the
right walls of the horizontal channel. At all other channel walls, we consider an electro-osmotic
slip BC for tangential velocity. All the channel walls are assumed to be impenetrable. A uniform
wall ¢-potential, {o = —0.025V, is considered, resulting in the same mobility as the experimental
problem stated in Devasenathipathy et al. [56]. Figure 6a shows the streamlines (black lines)
and electric field lines (red lines) obtained from the present hybrid numerical simulations. As
observed in figure 64, streamlines and electric field lines show similarity, and qualitatively agree
with the experimental results by Devasenathipathy ef al. Further, the similarity between stream-
wise velocity (uy) and the normalized x-component of the electric field (Eynorm) at x =0 can be
observed from figure 6b. In this plot, the electric field is scaled to velocity using the Smoluchowski
equation as Ueo = oEq = —€oEq/ 11, where g =1.7 x 10~8 m2/Vs is the mobility of the solution.
The difference between uy and Ey norm using the Lo norm is computed to be 2.47%. Such a small
error provides the quantitative validity of our numerical model in comparison with experimental
results.

(c) Electrokinetic instabilities

The previous two cases demonstrated the potential of our numerical model to simulate
multi-dimensional steady EOF. However, these cases are limited to flows with homogeneous
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Figure 5. Schematic for the similitude problem. There is no mass flow through the side-inlets. Slip flow is assumed at the solid
walls except for the closed side-inlets. Hence, both tangential and normal velocities vanish at the side-inlets. The inlet and outlet
are at constant pressure. The width and length of the channel are h = 120 and L = 1000 . m, respectively. An electric field of
15000 V m~"is applied at the inlet.
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Figure 6. (a) Streamline and electric field lines in an EOF with uniform ¢ -potential. Red (left) and black (right) lines indicate
the electric field lines and streamlines, respectively. (b) Stream-wise velocity and the normalized x-component of the electric
field in jum s~ The electric field is normalized to the velocity by using the electro-osmotic mobility. (Online version in colour.)

conductivity, wherein the electric body force in the bulk is absent. We now present simulations
of a case of EK instability, which is a consequence of the conductivity gradient between two fluid
streams and a coupled electric field [9,11,12,24].

Figure 7 shows a schematic of the problem and the initial conductivity contour. We consider
a 2D periodic channel flow with conductivity ratio 10:1 and uniform ¢-potential at the walls.
Red and blue colours represent the fluid streams with high and low conductivity, respectively.
The parameters used for this case are the same as those in Lin et al. [9] except for the channel
dimensions and imposed electric fields. Table 1 documents the comparative values of these
parameters. Further, a random perturbation with zero mean of the order of 10~° is introduced
to the initial conductivity field to break the symmetry. To reduce the computational cost, channel
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Figure 7. Schematic for EK instability simulations with an initial conductivity contour. Red (top) and blue (bottom) indicate the
high and low conductivity, respectively, with a ratio of 10 : 1. The channel aspect ratio (h : L) is 1: 4. The solid walls are 250 jLm
apart. Electric fields are applied towards a positive x-axis. A uniform ¢ -potential of —0.07 V is applied at the walls. (Online
version in colour.)

Table 1. Parameters and fundamental scales used in simulating Lin’s problem.

symbol description present value value from Lin et al.
h height of micro-channel 250 x 10~5m 1000 x 10~%m

dimensions are reduced in such a way that the non-dimensional numbers and channel aspect ratio
are the same. The equivalent values of the electric fields and non-dimensional numbers used in
both models are tabulated in table 2. Because of such scaling, the electric fields and corresponding
concentration difference (8Cp) used in the present simulations are higher than their corresponding
values used in DNS by Lin ef al. [9].

To check the validity of our model on EK instability simulation, a qualitative comparison is
presented in figure 8 with conductivity contours from simulations by Lin et al. [9] for Ra, = 6259 at
varying non-dimensional times (7,4), where the physical time () is scaled with the electroviscous
time scale (7ey) to obtain 7,4. As observed in the contour plots in figure 8, the conductivity fields
predicted in the present simulations are similar to the results from DNS and show the capability
of the present numerical model to capture the instability dynamics.

EK instability is observed when an externally applied electric field is above a specific threshold
value [9,11,12]. For low electric fields below such a threshold, the diffusion of the conductivity
field is dominant and suppresses the instability. In figure 9, we present the conductivity
contours for different Ra, values from the present hybrid numerical scheme. At low Ra,, the
stabilizing effect of the molecular diffusion suppresses the instability. Consequently, in the
present simulations, we do not observe instability at Ra, = 1754 corresponding to the electric
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DNS by Lin et al. hybrid model

Figure 8. Comparison of conductivity contours with DNS at Ra, = 6259. The £, = 8500V m " case in simulations by Lin et .
[9]is equivalent to £, = 34000 V m~"in our model owing to modification of the length scale. Left, contours from DNS; right,
the results from the hybrid model. Each row represents non-dimensional time 7,4 = 125, 255, 375, 500 from top to bottom,
respectively. (Reproduced from Lin et al. [9], with the permission of AIP Publishing.) (Online version in colour.)

Table 2. Applied electric fields in V m~" and concentration differences in mol m—> in Lin et al. [9] and their equivalent values
used for the present simulations while non-dimensional numbers are the same.

E,in DNS 8Coin DNS equivalent £, in LBM equivalent (o in LBM
(Vm™) (molm~?) (mol m~3)

field E; =18000V m~!, whereas for Ra, = 6259 — 54141, corresponding to electric fields E, =
34000-100000Vm™', we observe the onset of instability at 7,4 =400. Therefore, the present
scheme predicts that EK instability starts to appear when Ra, is somewhere between 1754 and
6259 or higher. Hence, the threshold electric field lies between 18000 and 34 000V m~?, which
is in agreement with the prediction of Lin et al. [9]. We also observe that the instability in the
conductivity field does not start until 7,4 =300, which also agrees with the predictions of Lin
etal.

At the higher electric field, the electroviscous effect results in instability [57]. As the electric
field is increased, the electroviscous effect starts to overtake molecular diffusion [9]. In addition,
for a stronger electric field the electroviscous effect assists in maintaining a sharper conductivity
gradient with time before the onset of instability. In consequence, the instability grows at a
faster rate for stronger electric fields. Such an increase in growth rate with increasing electric
field is better visualized using dimensional units. Hence, conductivity contours at different
electric fields for varying physical times are shown in figure 10. For E, = 50000 V m ™! instability
appears between 0.16s and 0.23s, whereas the same happens between 0.08s and 0.12s for
E,=70000V m~. For E;, = 100000 Vm ™ flow becomes unstable much faster than in the previous
cases, between 0.04 s and 0.06 s.
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Ra, = 1754 Ra, = 6259 Ra, =13 535 Ra, =26 529 Ra, =54 141

7,4=400

Figure 9. Conductivity contours from the hybrid model at different electric fields in terms of Ra,. The temporal evolution of
contours for each electric field is given in each column. The corresponding Ra, is provided at the top of each column. Each row
represents non-dimensional time 7,4 = 0, 100, 200, 300, 400 from top to bottom, respectively. (Online version in colour.)

50000V m~! (Ra, = 13 535) 70000 V m~! (Ra, = 26 529) 100000V m~! (Ra, = 54 141)
0.08 s (7,4 = 140) 0.04 s (1,4 = 140) 0.02s (1,4 = 140)

0.04 5 (1, = 280)

0.16 5 (1, = 280)

0.08 s (1, = 280)

-

0.23 s (1,4 = 400) 0.12 s (2,4 = 400) 0.06 s (t,4 = 400)

Figure 10. Dye fields for different electric fields showing faster growth of instability with increasing electric fields. (Online
version in colour.)

(d) Electroviscous scaling

Contour plots in the previous section provide a qualitative comparison with DNS by Lin et al. [9].
To quantify electroviscous effects and check the validity of existing scaling laws under the
unstable regime, we present velocity plots for varying time and electric Rayleigh number from
the present simulations.

Figure 11 shows the stream-wise velocity at 7,4 = 100 and t,,q = 400 for different Ra, at an axial
distance of 200 wm away from the inlet. Initially, the fluid in bulk moves as a result of the electro-
osmotic effects, and we observe a plug flow similar to EOF [58] for all electric fields, as shown
in figure 11a. With the increase in time, electroviscous forces start to dominate the bulk fluid
motion over electro-osmotic forces. Consequently, we observe the peak of stream-wise velocities
occurring at the interface of the high and low conductivities, as shown in figure 11b. Cross-stream
distance between these peaks in bulk flow represents the thickness of the diffusive interface. For a
stronger electric field, a larger conductivity gradient is maintained; in consequence, the thickness
of the interface remains smaller. In figure 11b, Ra, = 54 141 corresponding to E, = 100000 Vm™!
has the least thickness, and the largest gradient is maintained over the course of simulation owing
to stronger electroviscous force. Consequently, faster growth of instability at such higher electric
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Figure T1. Convection at the boundary and electroviscous effects in the bulk. Plots represent stream-wise velocity in m s~ at
a cross-section 200 jum away from the inlet. (a) T,q = 100, (b) Ty = 400.

fields is observed in the contour plots in figure 10. However, in figure 11, we observe a plug-like
velocity profile for Ra, = 1754 at both 7,4 = 100 and 400. Since, at Ra, = 1754, molecular diffusion
is dominant over electroviscous effects, only the electroconvection due to slip at the boundary is
reflected in this velocity profile.

In figure 12, we present the maximum cross-stream velocity as a function of time. In figure 12,
we observe a sharper gradient of velocity with increasing electric fields. Such an increase in the
gradient of cross-stream velocity indicates the higher growth rate of instability corresponding
to stronger electric fields. Consequently, we observe that the velocity profile corresponding to
E, =18000 Vm~! has the least slope and saturates at a value of the order of 107® ms~! owing to
high molecular diffusion. In contrast, while for electric fields E, = 34 000-120 000 Vm, velocity
exponentially increases to a peak, for E, = 120000 Vm~! we observe the highest slope in velocity
owing to stronger electroviscous effects. Figure 13 shows the variation in non-dimensional
maximum cross-stream velocity as a function of dimensionless time for different Ra, values
from the present simulations and the results obtained from Lin’s model. Here, velocity and
time are scaled using electroviscous velocity (Uey) and electroviscous time (7ev), respectively. As
observed in figure 13, because of electroviscous scaling, the normalized velocity profiles align
themselves to an exponentially increasing single curve for a range of Ra, = 6259-77 962. However,
the velocity profile for Ra, = 1754 does not grow at the same rate and deviates from the collapsing
curve. Such a deviation implies that the stabilizing effects of molecular diffusion nullify the
destabilizing electroviscous effects at low Ra,, which agrees with our previous conclusion that
higher molecular diffusion at Ra, = 1754 suppresses the instabilities. Hence, electroviscous scaling
becomes invalid for electric fields below this threshold. We further observe in figure 13 that the
peak non-dimensional velocity and the corresponding non-dimensional time are the same for
the present simulations and Lin’s simulations, thus implying that the present hybrid model is
capturing the same physics.

However, in figure 13, we observe insignificantly lower initial velocity than Lin’s numerical
simulations [9]. Higher numerical diffusion due to 7p, along with deviation in the non-
dimensional concentration difference (§Cy/Cp) leads to such a deviation in the initial normalized
maximum velocity between the two models. For example, §Cy/Cp corresponding to Ra, =54 141
is of the order of 1075 in simulations by Lin et al. [9] and is calculated from §Cq/Co = €Eo/FCoH.
However, in the present calculations, it is of the order of 1074, leading to a stronger electroviscous
force. In consequence, initially after application of the electrical body force, a higher diffusion
appears. Such a higher diffusion, along with the aforementioned reason, leads to the smaller
initial velocity. Furthermore, the higher electroviscous force accelerates the instability mechanism,
causing the collapsing curve to be steeper in the present hybrid simulations than in the DNS.

CTH00T07 :9Lb ¥ 705y 20ig edsy/jeunol/BioBuiysiqndiraposiefos



E =18000 Vm™!

—————— E,=34000 V m!
—8— E,=50000Vm!
— — — E,=70000V m™!
——-e=== E =100000 V m~!

—<— E,=120000Vm!

-1
Vinax (ms™)

1.2 1.6 2.0 24
1(s)

Figure 12. Plot for dimensional vy as a function of time ¢ at different electric fields. vy is the maximum cross-stream
velocity at certain time steps in the field obtained from the present 2D hybrid LB-FD simulations. The figure depicts velocities
corresponding to electric fields £, = 18 000 (solid line), 34 000 (dashed line), 50 000 (solid line with open squares), 70 000 (long
dashed line), 100 000 (dash-dotted line with filled circles) and 120 000 (solid line with open diamonds) V m.
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Figure 13. Plot of non-dimensional velocity as a function of non-dimensional time, showing the validity of the present model
by comparing electroviscous scaling and its validation at different electric fields. In this plot, all the non-dimensional velocities
collapse to a single curve except for Ra, = 1754, which is in agreement with the results from Lin et al. (The results from DNS are
reproduced from Lin et al. [9], with the permission of AIP Publishing.)

5. Conclusion

In this work, we have developed a 2D hybrid LB-FD model for the numerical simulation
of EK flows. Ohmic model equations for binary electrolytes were solved under a thin EDL
assumption while using LBM for fluid transport and the electrical conductivity equation, and
FDM for the Ohmic current conservation equation. The numerical framework developed couples
three equations with different time scales to study the steady and transient EK flows. The
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results obtained from the present simulations agree with the results from previous studies, both
qualitatively and quantitatively. In comparison with analytical results for EOF with a sinusoidally
variable ¢-potential, our model predicts the flows with an error within 10%. Such a result
quantitatively validates our model for steady EOF. The similitude between streamlines and
electric field lines and the comparison of conductivity contours with simulations by Lin et al. [9]
provide qualitative validity of our model for EOF and EK instability, respectively. These contours
also provide qualitative validity of electroviscous effects and predict an instability regime with
reasonable accuracy. Dimensional and normalized velocity plots for EK instability prove the
quantitative validation of the present hybrid model for predicting transient EK flows. Further,
they show the efficiency of our model in capturing electroviscous physics. Overall, numerical
predictions from the present model indicate that this model is capable of simulating transient
EK flows with expected accuracy under a thin EDL condition. While our model is capable of
capturing the onset of the instability mechanism in EK instability, it is unstable at the mixing
regime for higher Ra, (Ra, > 6259). An MRT scheme for fluid transport and an unconditionally
stable scheme such as hopscotch for Ohm’s law can be adapted to overcome the unstable nature.
An extension to the study of multiphase EHDs along with the aforementioned adaptation can be
considered as a future scope of this study.
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